DOCUMENT RESUME 



ED 411 136 



SE 057 137 



AUTHOR 

TITLE 



INSTITUTION 

PUB DATE 
NOTE 
PUB TYPE 
EDRS PRICE 
DESCRIPTORS 



Meira, Luciano, Ed.; Carraher, David, Ed. 

Proceedings of the Annual Conference of the International 
Group for the Psychology of Mathematics Education (19th, 
Recife, Brazil, July 22-27, 1995), Volume 3. 

International Group for the Psychology of Mathematics 
Education . 

1995-07-00 

34 5p . ; For volumes 1 and 2, see SE 057 135-136. 

Collected Works - Proceedings (021) 

MF01/PC14 Plus Postage. 

Educational Research; Elementary Secondary Education; 
Foreign Countries; Higher Education; ^Mathematics Education 



ABSTRACT 



This proceedings of the annual conference of the 
International Group for the Psychology of Mathematics Education (PME) 
includes the following research papers: "Some Aspects of the Construction of 

the Geometrical Conception of the Phenomenon of the Sun's Shadow” (P. Boero, 
R. Garuti, E. Lemut, T. Gazzolo, & C. Llado) ; "Towards the Design of a 
Standard Test for the Assessment of the Student's Reasoning in Geometry" (A. 
Gutierrez & A. Jaime); "Investigating the Factors Which Influence the Child's 
Conception of Angle" (S. Magina) ; "Children’s Construction Process of the 
Concepts- of Basic Quadrilaterals in Japan" (T. Nakahara) ; "Spherical Geometry 
for Prospective Middle School Mathematics Teachers" (E.D. Obando, E.M. 
Jakubowski, G.H. Wheatley, & R . A . Sanchez); "Spatial Patterning: A Pilot 
Study of Pattern Formation and Generalization" (M.L. Taplin & M.E. 

Robertson); "Students’ Images of Decimal Fractions" (K.C. Irwin); "Preference 
for Visual Methods: An International Study" (N.C. Presmeg & C. Bergsten) ; 
"Visualization as a Relation of Images" (A. Solano & N.C. Presmeg); 

"Cognitive Processing Styles, Student Talk and Mathematical Meaning" (N. 
Hall); "Listening Better and Questioning Better: A Case Study" (C.A. Maher, 
A.M. Martin, & R.S. Pantozzi) ; "Classroom Communication: Investigating 
Relationships between Language, Subjectivity and Classroom Organization" (J. 
Mousley & P. Sullivan); "Mathematical Discourse: Insights into Children's Use 
of Language in Algebra" (H. Sakonidis & J. Bliss); "Teaching Realistic 
Mathematical Modeling in the Elementary School: A Teaching Experiment with 
Fifth-Graders" (L. Verschaffel & E. De Corte) ; "Seven Dimensions of Learning: 
A Tool for the Analysis of Mathematical Activity in the Classroom" (S. 
Goodchild) ; "Teaching Mathematical Thinking Skills to Accelerate Cognitive 
Development" (H. Tanner & S. Jones); "Towards Statements and Proofs in 
Elementary Arithmetic: An Exploratory Study about the Role of Teachers and 
the Behavior of Students" (P. Boero, G. Chiappini, R. Garuti, & A. Sibilla) ; 
"Proving to Explain" (D.A. Reid) ; "Beyond the Computational Algorithm: 
Students' Understanding of the Arithmetic Average Concept" (J. Cai) ; 

"Learning Probability Through Building Computational Models" (U. Wilensky) ; 
"Algebra as a Problem Solving Tool: One Unknown or Several Unknowns?" (N. 
Bednarz, L. Radford, & B. Janvier); "Negotiating Conjectures Within a 
Modeling Approach to Understanding Vector Quantities" (H.M. Doerr) ; 

"Preferred Problem Solving Style and Its Effect on Problem Solving in an 
Adult Small Group Mathematical Problem Solving Environment" (V. Parsons & S. 
Lerman) ; "Proportional Reasoning by Honduran Tobacco Rollers with Little or 
No Schooling" (S.M. Fisher & J.T. Sowder) ; "Can Young Children Learn How to 



+++++ ED411136 Has Multi-page SFR Level=l +++++ 

Reason Proportionally? An Intervention Study" (A.G. Spinillo) ; "A Fifth 
Grader's Understanding of Fractions and Proportions" (T. Watanabe, A. 
Reynolds, & J.J. Lo) ; "Participatory, Inquiry Pedagogy, Communicative 
Competence and Mathematical Knowledge in a Multilingual Classroom: A 
Vignette" (J. Adler) ; "Peer Interaction and the Development of Mathematical 
Knowledge" (K. Brodie) ; "Interactive Collaboration and Affective Processes in 
the Construction of Mathematical Understanding" (P. Howe, N. Geoghegan, K. 
Owens, & B. Perry); "Groupwork with Multimedia in Mathematics: The 
Illumination of Pupil Misconceptions from a Vygotskian Perspective" (B. 
Hudson); "Tell Me Who Your Classmates Are, and I’ll Tell You What You Learn: 
Conflict Principles Underlying the Structuring of the Math Class" (L. 
Linchevski) ; "What is the Motive of Mathematics Education? An Attempt at an 
Analysis from a Vygotskian Perspective" (D. Neuman) ; "A Preliminary Report of 
a First-Grade Teaching Experiment: Mathematizing, Modeling and Mathematical 
Learning in the Classroom Microculture " (J.W. Whitenack, P. Cobb, & K. 

McClain) ; "Classroom Sociomathematical Norms and Intellectual Autonomy" (E. 
Yackel Sc P. Cobb); "A Framework for Assessing Teacher Development" (A.S. 
Alston, R.B. Davis, C.A. Maher, & R.Y. Schorr); "Preparing Teacher-Clinicians 
in Mathematics" (B . A. Doig & R.P. Hunting); "The Tension between Curriculum 
Goals and Young Children's Construction of Number: One Teacher's Experience 
in the Calculators in Primary Mathematics Project" (S. Groves); "Teacher 
Strategies and Beliefs in a Computer-Based Innovative Classroom Situation: A 
Case Study" (C. Kynigos & Y. Preen); "Learning to Teach: Four Salient 
Constructs for Trainee Mathematics Teachers" (A. Meredith); "Teachers' 
Mathematical Experiences as Links to Children's Needs" (H. Murray, A. 

Olivier, & P. Human); "Teacher Professional Growth Process and Some of Their 
Influencing Factors" (A. Peter) ; and "Teaching Mathematics as an Educational 
Task: Teachers' Views about Some Aspects of Their Professional Lives" (S. 
Vinner) . (MKR) 



******************************************************************************** 

* Reproductions supplied by EDRS are the best that can be made * 

* from the original document. * 

***********★**★*********★*★★★*★★★★★***★★★★★★**★★**★*★**★**★★★★★★★★★★*** * ******** 



ERIC 



ED 411 136 




[Umlmirt 

[eRJC'bM? 




Proceedings of the 
1 9th PME Conference 

Volume 3 




3 



INTERNATIONAL GROUP FOR 
THE PSYCHOLOGY OF MATHEMATICS EDUCATION 



Proceedings of the 
1 9th PME Conference 

Volume 3 



Recife, Brazil, July 22-27, 1995 



Universidade Federal de Pernambuco 
Graduate Program in Cognitive Psychology 



0 

ERIC 



4 



Published by the Program Committee of the 19th PME Conference, Brazil. 
All rights reserved. 



Editors: 

Luciano Meira 
David Carraher 



Universidade Federal de Pernambuco 

Mestrado em Psicologia Cognitiva, CFCH, 8° Andar 

Av. Academico Helio Ramos, s/n, Cid. Universit&ria 

50.670-901 Recife PE 

BRAZIL 

E-mail: LMeira@Cognit.Ufpe.Br / DCar@Cognit.Ufpe.Br 
Fax:55-81-2711843 

With the collaboration of Marcelo Borba, Jorge da Rocha FalcSo, Angel Gutierrez, 
Carolyn Kieran, Lilian Nasser, Teresa Rojano, Analucia Schliemann, & Judith Sowder. 



Cover Illustration: 

Christina Machado 

The cover painting reflects the integration of the PME Community with the warmth of 
the tropical sun and beaches of our home town and host site of PME 19: RECIFE. 



Printed by: 

Atual Editora Ltda. 

R. Jose Antonio Coelho, 785 
Sao Paulo 04011-062 SP Brazil 



o 

ERIC 



b 



Contents of Volume 3 

Research Reports (continued from Vol. 2) 



Page 

3-1 



Geometrical and Spatial Thinking 



Boero, P., Garuti, R., Lemut, E., Gazzolo, T., Llado, C. 

Some Aspects of the Construction of the Geometrical Conception of the 

Phenomenon of the Sun's Shadow 3-3 

Gutierrez, A., Jaime, A. 

Towards the Design of a Standard Test for the Assessment of the Student's 

Reasoning in Geometry. 3-1 1 

Magina, S. 

Investigating the Factors which Influence the Child's Conception of Angle 3-19 

Nakahara, T. 

Children's Construction Process of the Concepts of Basic Quadrilaterals in 

Japan * 3-27 

Obando, E. D., Jakubowski, E. M., Wheatley, G. H., S&nchez, R. A. 

Spherical Geometry for Prospective Middle School Mathematics Teachers 3-35 

Taplin, M. L., Robertson, M. E. 

Spatial Patterning: A Pilot Study of Pattern Formation and Generalisation 3-42 



Imagery and Visualization 
Irwin, K. C. 

Students' Images of Decimal Fractions 3-50 

Presmeg, N. C., Bergsten, C. 

Preference for Visual Methods: A n International Study 3-58 

Solano, A., Presmeg, N. C. 

Visualization as a Relation of Images . 3-66 



Language and Mathematics 
Hall, N. 

Cognitive Processing Styles, Student Talk and Mathematical Meaning 3-74 




Maher, C. A., Martino, A. M., Pantozzi, R. S. 

Listening Better and Questioning Better: A Case Study 3-82 

Mousley, J., Sullivan, P. 

Classroom Communication: Investigating Relationships Between Language, 

Subjectivity and Classroom Organisation 3-90 

Sakonidis, H., Bliss, J. 

Mathematical Discourse: Insights into Children's Use of Language in Algebra 3-97 



Mathematical Modeling 

VerschafTel, L., De Corte, E. 

Teaching Realistic Mathematical Modeling in the Elementary School: A 

Teaching Experiment with Fifth-Graders 3-105 



Metacognition 

Goodchild, S. 

Seven Dimensions of Learning: A Tool for the Analysis of Mathematical Activity 

in the Classroom 3-113 

Tanner, H., Jones, S. 

Teaching Mathematical Thinking Skills to Accelerate Cognitive Development 3-121 



Methods of Proof 

Boero, P., Chiappini, G., Garuti, R., Sibilla, A. 

Towards Statements and Proofs in Elementary Arithmetic: An Exploratory Study 
About the Role of Teachers and the Behaviour of Students 3-129 

Reid, D. A. 

Proving to Explain 3-137 



Probability, Statistics, and Combinatorics 

Cai, J, 

Beyond the Computational Algorithm: Students’ Understanding of the Arithmetic 
Average Concept 3-144 

Wilensky, U. 

Learning Probability Through Building Computational Models 3-152 



Problem Solving 



Bednarz, N., Radford, L., Janvier, B. 

Algebra as a Problem Solving Tool : One Unbiown or Several Unknowns? 3-160 

Doerr, H. M. 

Negotiating Conjectures Within a Modeling Approach to Understanding Vector 
Quantities 3-168 

Parsons, V., Lerman, S. 

Preferred Problem Solving Style and its Effect on Problem Solving in an Adult 

Small Group Mathematical Problem Solving Environment 3-176 



Rational Numbers and Proportion 

Fisher, S. M., Sowder, J. T. 

Proportional Reasoning by Honduran Tobacco Rollers with Little or No 

Schooling 3-184 

Spinillo, A. G. 

Can Young Children Learn How to Reason Proportionally? An Intervention 

Study 3-192 

Watanabe, T., Reynods, A., Lo, J. J., 

A Fifth Grader's Understanding of Fractions and Proportions 3-200 



Social Construction of Mathematical Knowledge 

Adler, J. 

Participatory, Inquiry Pedagogy, Communicative Competence and Mathematical 
Knowledge in a Multilingual Classroom: A Vignette 3-208 

Brodie, K. 

Peer Interaction and the Development of Mathematical Knowledge 3-216 

Howe, P., Geoghegan, N., Owens, K., Perry, B. 

Interactive Collaboration and Affective Processes in the Construction of 
Mathematical Understanding 3-224 

Hudson, B. 

Groupwork with Multimedia in Mathematics: The Illumination of Pupil 
Misconceptions from a Vygotskian Perspective 3-232 

Linchevski, L. 

Tell Me Who Your Classmates Are, and Vll Tell You What You Learn: Conflict 
Principles Underlying the Structuring of the Math Class 3-240 



Neuman, D. 

What is the Motive of Mathematics Education ? An Attempt at an Analysis from a 
Vygotskian Perspective 3-248 

Whitenack, J. W., Cobb, P., McClain, K. 

A Preliminary Report of a First-Grade Teaching Experiment : Mathematizing, 

Modeling and Mathematical Learning in the Classroom Microculture 3-256 

Yackel, E., Cobb, P. 

Classroom Sociomathematical Norms and Intellectual Autonomy 3-264 



Teacher Education and Professional Development 

Alston, A. S., Davis, R. B., Maher, C. A., Schorr, R. Y. 

A Framework for Assessing Teacher Development 3-272 

Doig, B. A., Hunting, R. P. 

Preparing Teacher-Clinicians in Mathematics 3-280 

Groves, S. 

The Tension Between Curriculum Goals and Young Children's Construction of 
Number: One Teacher's Experience in the Calculators in Primary Mathematics 



Project 3-288 

Kynigos, C., Preen, Y. 

Teacher Strategies and Beliefs in a Computer-Based Innovative Classroom 

Situation : A Case Study 3-296 

Meredith, A. 

Learning to Teach: Four Salient Constructs for Trainee Mathematics Teachers 3-304 
Murray, H., Olivier, A., Human, P. 

Teachers' Mathematical Experiences as Links to Children's Needs 3-312 

Peter, A. 

Teacher Professional Growth Process and Some of Their Influencing Factors 3-320 

Vinner, S. 

Teaching Mathematics as an Educational Task: Teachers' Views About Some 
Aspects of Their Professional Lives 3-328 



o 

ERIC 

hfliflaffHHaaaa 



RESEARCH REPORTS 



(continued from Vol. 2) 



ERIC 

hffliflaffHHaaaa 



3—1 



10 



Some aspects of the construction of the geometrical conception 
of the phenomenon of the Sun's shadows 



Paolo Boero Rossella Garuti, Enrica Lemut Teresa Gazzolo 
Dip. Matematica Istituto Matematica Applicata Scuola Elementare 
Un. Genova, Italy C.N.R., Genova, Italy Camogli , Italy 



Carles Llado 
I.E.S. Sabadell 



Spain 



a Giovanni Prodi 



The persistence of "naive” conceptions relative to many natural phenomena in subjects that have 
learnt in school a "scientific" interpretation for them , and their difficulty in using school-learnt 
mathematical models to interpret non-trivial situations raise interesting issues for psychological 
and educational research. This report analyses some aspects relative to the passage to a 
geometrical conception of the phenomenon of the Sun's shadows from the "naive" 
non -geometrical conceptions that most 9/1 1 year-old students have of this phenomenon. 

1 .Introduction 

Mathematics plays an important role (in the history of culture and the intellectual maturation of 
the individuals) for the construction of ’’scientific” conceptions of phenomena pertaining to a variety 
of fields (from astronomy to genetics). ’’Scientific” interpretations based on mathematical models 
leamt at school, however, appear fragile, and ’’naive” conceptions not only persist in common 
culture, but resurface also in cultured people when, in difficult problem situations, mathematical 
models are for some reason not serviceable. This happens in particular for the case of the geometrical 
modelisation of the Sun’s shadows (Boero, 1985). This is a phenomenon which lends itself 
particularly well for the study of this subject. Many children manifest, in fact, deeply radicated 
’’naive” (non-geometrical) conceptions of this phenomenon even at a relatively advanced age (9-12 
years). At this age the elementary geometrical modelization of the phenomenon is accessible at school 
as it requires elementary mathematical tools. On the other hand, the phenomenon has been widely 
used for dozens of years now in different countries in renovating mathematics teaching to introduce 
different geometrical concepts and motivate geometric activities, and this offers a wide base of 
experiences for further investigation (Barra & Castelnuovo, 1976; Berte, 1985; Lanciano, 1990; 
Llado, 1984; Trompler, 1983). 

The investigation dealt with in this report concerns the transition from non-geometric naive 
conceptions to a ’’geometric conception” (i.e. a conception based on geometric aspects) of the 
phenomenon of the Sun’s shadows. In particular, this report wants to highlight some ’’variables” on 
which the teacher may act to help the construction of the geometric conception. It is our hypothesis 
that this construction requires the mastery of different geometric aspects of the phenomenon, which 
are independent of each other from a cognitive point of view and not spontaneously acquired. 

The mastery of the geometric aspects considered in this report, albeit necessary, does not 
appear however sufficient to build at school a stable and deep geometric conception of the 
phenomenon (see point 5.). 

For \#hat concerns the methods and the types of results obtained (both positive and negative), 
we believe that the investigation dealt with in this report may be extended to the issue of the 
construction of ’’scientific” conceptions relative to other phenomena. 



2. Methods 

In the elementary geometric modelization of the phenomenon of the Sun’s shadows, we may 
discern the following aspects, forming three facets of the same model: 

a) The ’’shadow pattern” representing a sunray touching the extremity of the object and identifying 
the border of the shadow. In particular, if the object is a nail or a thin stick, the ’’shadow pattern” is a 
faithful planar representation of a tri -dimensional reality (see below). 

representation of the "shadov space" 



shadov pattern 




(in the case of a stick) 



b) The ’’shadow space”, that ‘determines the visible shadow as its section with the surface on which 
the shadow is projected. The shadow space is tri-dimensional in nature, and not directly visible in its 
entirety. It is not easily representable by drawing, except in the case of the shadow of a nail or a thin 
stick (surface enclosed by the ’’shadow pattern” - See above). 

c) The relations between the length of the shadow and the angular height of the sun, and between the 
height of the object and the length of the projected shadow. These are relations concerning the metric 
aspect of the phenomenon and that, at an elementary level, may be taken into consideration in 
qualitative terms (for instance: If the sun is high, the shadow is short” ) or in quantitative terms (in 
particular through the constant ratio between the heights of the objects and the lengths of the 
projected shadows). 

Our investigation dealt with these three geometric aspects of the phenomenon of the Sun’s 
shadows. We tried to verify the following hypotheses, resulting from past observations of the 
behaviour of students and cultured adults in various problem situations relative to the Sun’s shadows 
and from a previous analysis of the tools necessary to successfully face them: 

* An operative mastery of each of these three subjects is not spontaneously reached (requiring 
therefore the mediating action of the teacher). 

* An operative mastery of one aspect may be reached without necessarily requiring or implying 
mastery in the others (cognitive independence). 

* None of the three aspects is by itself sufficient to face problem situations that require either a 
geometric interpretation or a qualitative or quantitative prediction about the phenomenon of the Sun’s 
shadows. 

In order to verify these three hypotheses, we carried out systematic observations on classes 
experimenting the projects of the Genoa Group and the Sabadell Group for the integrated teaching of 
mathematics and sciences in primary and comprehensive school. In these projects the phenomenon 
of the Sun’s shadows is made object of extensive and in-depth didactic activities (that have extended 
for some teachers well over fifteen years: see Belcastro, 1981; Llado, 1984; Boero, 1985). We have, 
in particular, compared the behaviours of the students in grades IV, V, VI, VII where their didactic 
routes dealt in depth, at the beginning, for a sufficiently long period,' with only one of the geometric 
aspects of the phenomenon mentioned above. In these classes, problem situations, suggested by 
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previous difficulties met by the teachers and suitable to highlight the effects of the didactic choices 
made, were planned, managed and observed. Some of these problem situations had also been 
presented to cultured adults (primary school teachers following in-service training activities with us. 

The observation was carried out by collecting texts and drawings by the students and the 
adults and through discussions and interviews, aiming at determining the nature of the students’ 
non-geometric naive conceptions and clarify the role of the previously identified geometric aspects in 
the transition to the geometric conception of the phenomenon of the Sun’s shadows. 

3. General review of the results of the observations carried out. 

We will consider six problem situation and for each of them we will indicate the results of the 
relative observations. 

3.1: ” Did you notice that on sunny days your body makes a shadow on the ground? Do you think 
that the shadow is longer at 9 in the morning or at 12 noon? Why?” This question was presented to 
grade IV students at the beginning of the work on the Sun’s shadows(410 written answers were 
collected) and to VI grade students within an initial diagnostic questionnaire (over 4000 written 
answers collected from 1980 on). Results: For percentages of students reaching 59% at age 9 and 
47% at age 1 1 , the Sun’s shadow is longer at 1 1 with explicit motivations of the type: ”because the 
Sun is stronger ”, "because the Sun hits more". Further interviews (beginning with the request to 
” explain your answer " ) on smaller samples show that, in the majority of cases, this motivation 
corresponds to a conception of the shadow as an "appendix of the object” (therefore belonging to the 
object), whose length is controlled by the strength of the Sun. A typical statement is: 7 answered at 
1 1 because at 1 1 the Sun is stronger, and so (....) my body makes a longer shadow because the Sun 
hits more and gets a longer shadow out of me” (see also Boero, 1 985). 

In order to ascertain if the ’’shadow pattern” may be spontaneously acquired, after the initial 
questionnaire we asked to eight grade VI classes: "Explain in a drawing how shadows are made". In 
these classes, even most of grade VI children who had correctly answered the question above that the 
"shadow is longer at 9" were not able to supply a graphic interpretation in terms of ’’shadow pattern”. 
The fact that the acquisition of the ’’shadow pattern” is not spontaneous seems confirmed by other 
results also. Most of grade VI classes, after the experimental verification of the initial hypotheses 
were asked: "Explain with a drawing why, when the Sun is high, the shadow is short and when the 
Sun is low, the shadow is long". Less than 15% of the children are able to produce a drawing where 
the ’’shadow pattern” is used to explain the dependence of the shadow’s length to the Sun’s height. 

3.2. ” Facing away from the Sun, we walk toward a wall. At one point we see that our shadows 
begins to go up the wall. How do you explain this?" This question is asked after observing the 
phenomenon. An exploratory investigation, carried out with individual interviews in three grade IV 
and two grade VI classes at the beginning of the activities on the shadows, indicates that, for many 
9-1 1 year old children, the shadows goes up "because it cannot squeeze against the bottom of the 
wall ” for others, it goes up "because it has its own length ”, for others again "because if it finds a 
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wall, it tries to look like the person 9 ' { all in all, over half of the children manifests this type of 
conceptions). Virtually none of the children refers to the "shadow space” or to the "shadow pattern”. 
Even the answers to this question bring out the conception of the shadow as an appendix of the object 
that projects it, as well as the non-spontaneity of the conception of the shadow seen on a surface as a 
section of the shadow space”. The same question, presented to V grade students that had already 
carried out an extended activity on the shadow space only, gives very different results (more than half 
the students refer to the "shadow space meeting the wall ” in their answers). Lower (about 40%) are 
the percentages of grade VI students that, after activities on the "shadow pattern” only are able to give 
a correct interpretation of the phenomenon (mostly everybody refers to the "shadow pattern"; virtually 
no child refers to the "shadow space"). 

3.3: The children look at the shadow of a long factory shed, while they are standing completely in 
the shadow at about ten metres from the shadow’s edge. They are asked: ” Where and how must you 
walk to see the Sun move like a cat from left to right on the roof of the shed?" The same question was 
asked to primary school teachers during in-service training activities. The problem situation is 
difficult; we have observed non-negligible percentages of success, with exhaustive motivations of the 
correct answer (between 25 and 40%, according to the age) only if the question was preceded by 
extended activities on the "shadow pattern". We also noticed that the activities on the "shadow space" 
by themselves allow an exhaustively motivated answer only to the first part of the question ("where 
do you need to walk") but not to the second part ("how do you need to walk"). The difficulty seems 
to lay in the transition from the correct collocation in the shadow space to the identification of the 
direction of the movement. 

3.4: The children observe the shadow of a factory shed, with the Sun low, while they are in the sun 
at about ten metres from the shadow. They were asked: "Where do you need to move to remain all in 
the shadow?". We asked this question both to IV and VI grade students that had not yet carried out 
activities on the shadows and to IV, V and VI grade students after extended activities on the shadows. 
In both cases, if the activities did not deal with the shadow space, most of the children (over 70%) 
suppose that "to be all in the shadow, it is enough that 1 enter in the shadow with my feet". Similar 
results are obtained with the question: ” What will happen if Mary walks on the shadow of the shed, at 
less than a metre from its edge? Will she be all in the shadow or not?" The percentages of correct 
answers pass from less than 10% to over 60% after performing activities on the shadow space. 

3.5: "Two boards with two nails of identical length are placed one in the yard and the other on the 
terraced roof of the school. How are the ’ fans' of the shadows recorded at the same times of the same 
day?". The question is asked to grade V students after carrying out extended activities on the shadows 
(in particular, after extended activities on the "shadow pattern" but without activities on the shadow 
space, or vice-versa). Over 60% of the students that worked mostly on the "shadow pattern” 
answered that the ’fans’ are different (with longer shadows on the terrace) and the exhaustively 
motivated correct answers are less than 15%. Most of the students use the "shadow pattern” in a 
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stereotyped manner, without realising that the distance of the Sun is enormously greater than the 
difference of level of the two measuring points of the shadows (for further details, see Scali, 1994). 
The percentage of exhaustively motivated correct answers increases instead to about 35% in the case 
of extended prior activities on the shadow space. The light investing the two points of observation is 
often represented with one single ’’light beam”. 

3.6: Determination of the height of objects that may not to be reached for direct measurement, using 
the length of their shadow: In Garuti & Boero (1992), a teaching experiment is described during 
which the students go from an initial prevalence of additional-type reasoning to multiplicative-type 
reasoning (thanks to the teacher-led discussion and verification of the strategies as they are produced 
by the students and to the reference made to the ’’shadow pattern”). The investigation proves, in our 
opinion, that the relation of direct proportionality between height of the objects and length of the 
projected shadow is not spontaneously acquired, and that its acquisition may make use of the 
’’shadow pattern”. In a subsequent teaching experiment in other two grade VI classes, it was also 
noticed, however, that the students may reach that proportional reasoning also via other ways, 
without using the ’’shadow pattern”. 

In general, for what concerns aspects a), b) and c) considered at point 2, the observations 
seem to indicate that: 

* Mastery of each of the aspects is spontaneously acquired only by a very small percentage of 
students (see the situation described at 3, 1 for a), the situation described at 3.4 for b) and the situation 
described at 3,6 for c)). 

* Mastery of each of the aspects may be acquired independently from the others, without effects on 
the spontaneous acquisition of the others (see situations 3.2., 3.3., 3.6.). 

* Each of the aspects is necessary to successfully approach some of the problem situations that have 
been considered: In particular, a) appears necessary for the situation described at 3.3; b) for the 
situation described at 3,4 and, obviously, c) for the situation described at 3.6. 

A fact that appears clear from the observation we made is that, even if each of the three 
considered geometric aspects may be the object of a separate activity, does not require the others and 
does not produce the acquisition of the others, it may be useful to weave the work on the three 
aspects together (for time reasons, if nothing else) thus trying to recompose the unity of the 
’’geometric vision” of the phenomenon. As a matter of fact, the qualitative relationship between the 
height of the Sun and the length of the shadow may be used to construct the model ization of the 
Sun’s rays with straight lines (using the graphical products of some students: see 3.1.), the mastery 
of the shadow space may be linked to its sections with planes containing the Sun (’’shadow pattern”), 
and the ’’shadow pattern” may turn out to be quite useful to arrive to a geometric model of the 
proportional relation between the heights of the objects and the lengths of their projected shadows. 
Nevertheless this does not seem to necessarily produce an integration of the three aspects: the 
drawings reproduced below ( situation 3.2.) are frequent also in classes where the activities on the 
three aspects have been performed together in the way described here. 




Although facets of a same geometric model, the three aspects considered seem to correspond to 
different ways of seeing the phenomenon of the Suns shadow. Also taking into account some 
interviews we made, they seem to correspond, respectively, to the idea of a dynamic relationship 
between the position of the Sun and the edge of the shadow, to the idea of shadow as a ’’lack of light” 
(like in the second drawing), and to the idea of quantitative regularity (obvious in the third drawing). 



4. Behaviour of students and adults in a difficult problem situation. 

We considered two variations of a same problem situation: 

(A) Symbolic situation: The following drawing is reproduced on a sheet of paper, with the caption: 

"The drawing represents in section a situation of shadows made by the Sun . A person is coming 
close to the low wall and is represented with his shadow. On the other side of the low wall is a deep 
hollow space and then another high wall. The drawing shows the area of the hollow space that 
remains in the shadow". The assignment is: "Draw the person represented in the picture and where 
will his shadow be if this person moves forward about three steps". 




(B) Real situation: In a situation similar to that schematised above, with the Sun behind, the teacher 
moves slowly towards the low wall and asks the students to predict what will happen to the shadow. 
Mostly everybody will say that the shadow will move up the low wall. The teacher starts moving 
again. When the shadow is at about two thirds of the height of the low wall, he stops and asks the 
students to write what will happen to the shadow if he should move closer to the wall. Once the 
answers have been collected he asks those who did not do it to illustrate their answer with a drawing. 
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These two situations have been presented to V, VI and VII grade classes and to primary 
school teachers during in-service training activities after some months of work on the shadows 
(observation of the phenomenon of the shadows, various types of verbal and graphic description of 
the shadows of people and objects at different times of the same day and in different days of the year) 
or after short activities of observation of shadows. With different percentages according to the 
classes, the age of the students and the activities carried out previously, the following types of 
predictions have been recorded (together with other non-pertinent answers and non-answers): 

PR 1 ) ” The shadow of the body appears on the wall in front, above the shadow of the low wall ” 
PR2) "The shadow ends up in the darkness of the hollow space” or The shadow is not long enough 
to go up the wall in front ” 

The following table summarises the distribution of the percentages of these answers in relation 
to the situation (A or B), the type of previous activity on the phenomenon of shadows ( on the 
"shadow space", or on the "shadow pattern", or on all geometric aspects, or some introductory 
observations only), the type of subject being interviewed (grade V and VI students or primary school 
teachers). All percentages refer to a group of at least 40 people (for the students, at least two classes). 

STUDENTS ADULTS 

situation A situation B situation A situation B 





PR1 


PR2 


PR1 


PR2 


PR1 


PR2 


PR1 


PR2 


only shadow space 


14% 


41% 


9% 


50% 


18% 


31% 


16% 


37% 


only shadow pattern 


46% 


27% 


31% 


38% 


57% 


11% 


48% 


20% 


all aspects 


45% 


24% 


32% 


36% 


55% 


9% 


49% 


22% 


only some observations 


11% 


58% 


8% 


64% 


17% 


33% 


15% 


42% 



From the table we may gather the following indications: 

- Generally speaking, the results in situation A are better than those in situation B. This is particularly 
true for the students and the adults that have carried out extended activities on the "shadow pattern”. 
The "shadow pattern" is not spontaneously used (by those not familiar with it) even in situation A, 
which would appear to suggest an easy geometric construction of the solution. 

- The "shadow pattern” appears to be necessary but not sufficient to successfully approach the two 
problem situations. As a matter of fact, only those groups with an extended working experience with 
the "shadow pattern" display significant percentages of PR1 predictions. Even in these groups, 
however, many are not able to successfully approach the two problem situations (note in particular 
that only in the adult group and only in the situation A, there is a success percentage above 50%). 

- A previous performance of activities on the "shadow space” ancVor the proportionality between 
height of objects and length of projected shadows does not seem to affect the percentage of success; 

- The analysis of the percentages of PR2 answers (confirmed by the analysis of some interviews 
gathered among those formulating this prediction) confirms the fact that non geometric "naive” 
conceptions persist even after extended activities on the geometric aspects of the phenomenon of the 
shadows and shows that these conceptions surface again even at an adult age. 
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5. Discussion 

In consideration of the behaviours described at points 3.3 and 5, and in particular the fact that 
even the majority of those students that had carried out extended activities on all geometric aspects of 
the phenomenon of the shadows dealt with in this report, do not succeed in passing these tests, we 
may ask ourselves what further factors are involved in the transition to a geometric conception of the 
shadow capable to approach tests similar to those described here. 

Generally speaking, it seem that one of the factors is the quality of the activities carried out by 
the subjects of the investigation, and especially the degree of interiorisation of spatial relations. These 
relations remain for many people (even adults) confined to the space of the representation on a sheet 
of paper and are not connected to the space of the phenomenon nor to the imagination of the 
phenomenon. In general they are thus unable to use autonomously the representation on paper to 
correctly approach the problem (see, as well as 3.1, also B) of 4.). In particular, the connection 
between the ’’shadow pattern” and the phenomenon appears to be very tenuous (see Situation 3.5.), 
and this may be interpreted with the fact that the ’’shadow pattern” is really a reduction to the 
microspace of the paper of a situation placed in the macrospace (see also Berthelot & Salin, 1992; 
Scali, 1994), It appears that the arguing activities relative to the phenomenon of the Sun’s shadows 
also are important for the interiorisation of spatial relations, as well as for the development of skills 
for the deliberate control and direction of thought processes (necessary in particular to perform the 
connection between the ’’shadow pattern” and the phenomenon). As a matter of fact, some good 
results have been obtained in activities as demanding as those described above in those classes where 
the teachers had requested accurate verbal descriptions of different aspects of the phenomenon of the 
Sun’s shadows, accurate comparisons of hypotheses, and class discussions to validate the 
hypotheses produced (anticipating the results of experimental verifications). 

It would appear opportune to perform further in-depth investigations on these subjects so as to 
obtain a more complete.and organised picture of which variable intervene (beside those of a geometric 
type considered in this report) in the transition to a coherent and stable geometric conception of the 
phenomenon of the Sun’s shadows. 
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TOWARDS THE DESIGN OF A STANDARD TEST FOR THE ASSESSMENT OF 
THE STUDENTS' REASONING IN GEOMETRY 



Angel Gutierrez and Adela Jaime 

Dpto. de Didactica de la Matematica. Universidad de Valencia. Valencia (Spain) 



Abstract. In previous publications , we outlined a theoretical framework for the design of tests 
to evaluate students' Van Hiele level of thinking and for the assignment of Van Hiele levels to the 
students. Based on this framework, we present here a test aimed to assess students in Primary and 
Secondary Schools. The subject area of the test are polygons and other related concepts. The test is 
integrated by open-ended super-items, each one of them having several related questions dealing 
with the same problem. In this paper we describe the items, analyze the structure of the test, and 
present the results of the administration to a sample of 309 primary and secondary students. 

Entto ducti pfl, 

A constant in the research on the Van Hiele Model of Geometric Reasoning over the 
years is the expressed need of an assessment instrument fitting the usual requirements of 
reliability and validity, and also fitting the requirement of easy administration in a short 
time to big samples. Unfortunately, the third requirement seems to be incompatible with 
the previous ones. Clinical interview is considered the most valid and reliable technique^ 
but it can hardly be used with medium sized samples. Written tests do not have this 
inconvenience, but it is usually harder to verify their reliability and validity, since written 
answers are poorer than oral answers. Some attempts have been done in the direction of 
building written tests to assess the Van Hiele levels but, unfortunately, they have not been 
successful enough (Mayberry, 1981; Usiskin, 1982; Senk, 1983; and Crowley, 1989). 

We are working in a research program, a part of which is presented in this paper, 
whose main objective is to build a writtentest with a structure as close as possible to semi- 
structured clinical interviews. The research is divided into three related parts: 

- Definition of a model for the evaluation of tests and assignment of Van Hiele levels 
(Gutierrez, Jaime, Fortuny, 1991 and Gutierrez et al., 1991): The continuity of the Van 
Hiele levels has been showed by lots of students' answers. Then we proposed a method to 
assign to students a degree of acquisition of each level, mirroring the reality that most 
students use a level of thinking or another depending on the task they are solving. 

- Identification of a framework for the design of tests to evaluate students' levels of 
thinking (Jaime, Gutierrez 1994): The reasoning of each level is characterised by several 
key processes or abilities, so a balanced and valid test should assess everyone of them. On 
the other side, most tasks can be answered from several levels of thinking, so students’ 
level of thinking is determined by their answers, not by the statements of the tasks. Then, 
researchers should consider the range of possible levels of answer to each item of a test. 
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Furthermore, this helps to obtain a reasonable amount of items assessing each Van Hiele 
level without the inconvenience of a long test taking too much time to be answered. 

- Design of a test to assess the Van Hiele level of reasoning of students in Primary, 
Secondary, and University. In this paper we present results of this part of the research. 
Namely, we describe and analyze a test made of open-ended items based on polygons and 
other related concepts, and present the results of the administration of this test to students 
from 6th grade of Primary to the last grade of Secondary. Previous versions of this test 
were also administered to university students (preservice teachers). 

To conclude this introduction, just to mention that we consider Van Hiele levels 1 
(recognition), 2 (analysis), 3 (classification), and 4 (formal deduction). 

Description of the Test. 

Each Van Hiele level is integrated by several key processes of thinking so, for a 
student to attain a certain level, the student should show mastery in all the processes 
characteristic of this level. These processes are (Jaime, Gutierrez, 1994): 

• Identification of the family a geometric object belongs to. 

• Work with the Definition of a concept, in two ways: To use a known definition, 
and to state a definition for a class of geometric objects. 

• Classification of geometrical objects into different families. 

• Proof in some way of a property or statement. 

The table below summarises the key processes characteristic of each Van Hiele level 
1 to 4. The " — " mark means that this process is not a part of the reasoning of the level. 
Then, any test designed to assess the Van Hiele levels of thinking should have items 
evaluating every process of each level. 





Identification 


Definition 


Classification 


Proof 


Level 1 


V 


V (State) 


v 


— 


Level 2 


V 


V (Use & State) 


V 


V 


Level 3 


— 


V (Use & State) 




V 


Level 4 


— 


V (Use & State) 


*— 


v | 



For several years, we have piloted and improved a set of paper and pencil items. 
Usually, pilot trials of the items were followed by clinical interviews of some students, to 
check the reliability of their written answers. The final result in the subject area of 
polygons is the test we describe below. It is integrated by 8 open-ended items, each one of 
them having several questions. When evaluating a student's answers, we do not consider 
each answer independently, but the answers to all the questions in the same item or 
section. In this way, we can have a clearer picture of the student's way of reasoning, and 
we can judge inconsistencies, contradictions, etc. among different answers. These are the 
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items in the test (due to the limited space, the text of some items is shortened): 

Item 1. - Write a P on the polygons, write 
an N on the non-polygons, write a T 
on the triangles, and write a Q on the 
quadrilaterals. If necessary, you may 
write several letters on each figure. 

-Write the numbers of the figures which 
ar_e_ not polygons and explain, for 
each of them, why it is not a polygon. 

- The same questions for figures which are triangles, and figures which are Quadrilaterals . 

- Is figure 8 a polygon? Why? - Is figure 2 a triangle? Why? 

Item 2. - Write an R on the regular 

polygons, an I on those that are 
irregular, a V on those that are 
concave, and an X on those that are 
convex. If necessary, you may write 
several letters on each figure. 

- For polygons 2, 4, 5, and 7, explain your 

choice of letters or why you did not write any letter. 

Item 3. A) - Write all the important properties which are shared by squares and rhombi. 

- Write all the important properties which are true for squares but not for rhombi . 

- Write all the important properties which are true for rhombi but not for squares . 

B) - The same questions as in A) for equilateral triangles and acute triangles. 

Item 4. A) - You can see a shape in figure -a- (a rhombus). 

Make a list of all the properties that you find for this 
shape (you can draw to explain the properties). 

B) - The same question for shape in figure -b-. 

Item 5.1. - Recall that a diagonal of a polygon is a segment 
that joins two non adjacent vertices of the polygon. How 
many diagonals does an n-sided polygon have? Give a proof for your answer. 

Item 5.2. - Complete the three following statements (you can draw if you want): 

In a 5-sided polygon, the number of diagonals which can be drawn from each vertex is 

and the total number of diagonals is 

In a 6-sided polygon, the number of diagonals which can be drawn from each vertex is 

and the total number of diagonals is 

In an n-sided polygon, the number of diagonals which can be drawn from each vertex is 
Justify your answer. 

- Using your answers above, tell how many diagonals an n-sided polygon has. Prove your 

answer. 
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Item 6.1. - Prove that the sum of the angles of any acute triangle is 180°. 

Item 6.2. - Recall that, if you have two parallel straight lines cut by 
another straight line: All the acute angles marked in the figure 
(A, G, C, E) are equal. All the obtuse angles marked in the 
figure (B, H, D, F) are equal. 

Taking into account the figure on the right (line r is parallel to the 
base of the triangle) and the properties mentioned above, 
prove that the sum of the angles of any acute triangle is 180°. 

Item 6.3. - Here is a complete proof that the sum of the angles of any acute triangle is 
180°. Read it and try to understand it. 

• The sum that we are supposed to calculate is M + R + T (figure 1). 

• Construct a parallel to the base of the triangle through the opposite vertex R (figure 1). 

Extending a side, we have two parallel lines cut by a transverse, so T = t (figure 2). 

• Extending the other side we have two parallel lines cut by a transverse, so M = m 

(figure 3). 




• Therefore, M + R+ T = m + R + t = 180°, as the latter three angles form a straight angle 



(figure 4). 




- You have seen above. a proof that the sum of the angles of an acute triangle is 180°. Is it 

true that the sum of the angles of a right triangle is 180°? Prove your answer. 

- Tell how much is the sum of the angles of an obtuse triangle: Exactly 180°, more than 

180°, or less than 180°. Prove your answer. 

Item 7. A) - Prove that the two diagonals of any rectangle have the same length. 

B) - Recall that the perpendicular bisector of a segment is the line 
perpendicular to that segment that cuts it through its 
midpoint (line r is the perpendicular bisector of segment 

AB). Prove that any point of the perpendicular bisector of a ^ ® 
segment is equidistant from the endpoints of the segment. 

Item 8. - Usually a parallelogram is defined as a quadrilateral having two pairs of parallel 
sides. 

Could a parallelogram also be defined as a quadrilateral in which the sum of any two 
consecutive angles is 180°? Justify your answer: If your answer is affirmative, prove 
that both definitions are equivalent. If your answer is negative, draw some example. 
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Usually all the questions of an item are presented in the same sheet. However, each 
section in items 5 and 6 is presented in a different sheet, and students are not allowed to 
"go back" to correct or complete answers in previous sheets after they have moved to the 
second or third section. In both items, the first section just states a property to be proved; 
then, the second and third sections provide some hints to help students to understand and 
complete the proof. In this manner, we allow more able students to complete the proofs on 
their own, and less able students to work on the problems with some help and to produce 
some kind of answer, in a way similar to the procedure used in clinical interviews, were 
the researcher, when necessary, guides the student with a hint, comment, question, etc. 

The table below summarizes the key processes evaluated in each item and the 
possible Van Hiele levels of students' answers. It supports the validity and reliability of 
the test, since i) every process is considered at least by an item, and ii) for each level of 
thinking, there are several items that can be answered by students in that level. In Spain, 
students in upper Primary and Secondary are likely acquiring thinking level 2 or 3; for this 
reason we have included in the test a high number of items assessing these levels. 





Van Hiele levels 




Definition 






Item 


1 


2 


3 


4 


Identif. 


Use 


State 


Classif. 


Proof 


1 


• 


• 






• 










2 


e 


• 






• 










3 


• 


• 


• 






• 




• 




4 


• 


• 






• 


• 








5.1, 5.2 




• 


• 


• 




• 






• 


6.1 




• 


• 


• 










• 


6.2, 6.3 




• 


• 












• 


7 




• 


• 


• 




• 






• 


8 






• 


• 




• 


• 




• 



This test was administered to students in upper Primary (grades 6 to 8) and 
Secondary (grades 1 to 4) (ages from 11 to 18). To optimize the administration, we did not 
present the eight items to all the students, but we took into account the particular 
characteristics of students in different grades: Since primary school students were most 
likely reasoning in levels 1 or 2, we reduced the number of items evaluating levels 3 and 4 
in their test. In the same way, we reduced the number of items evaluating levels 1 or 2 in 
the test for upper secondary school students. On the other side, the mathematical content 
of an item may increase its difficulty in certain grades, so we avoided items whose 
contents likely still had not been studied in some of the grades 6 to 8. Then, we 
administered three different sub-tests: 

A) The test for students in grades 6, 7, and 8 had items: 1, 3, 4, 6, 7. 
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B) The test for students in grades 9 and 10 has items: 1,2,3, 5,6. 

C) The test for students in grades 11 and 12 has items: 1, 3, 5, 6, 8. 

All the test have five item, three of them being the same items, to guarantee the 
possibility of comparison of results, and the other two items selected depending on the 
expected students' level of thinking and their knowledge of geometric facts. Tests A and B 
do not assess the process of statement of definitions. Although it may be considered as a 
weakness of these tests, in pilot trials, we noticed that questions asking to compare 
definitions or to build a definition (i.e. a list of necessary and sufficient properties) from a 
list of given properties were meaningless for most students in those grades. Then, we 
decided to exclude this kind of questions, to have a shorter and more efficient test. 

Results _ q£ the Administration of the Tests. 



The test was administered to 309 students. The 


Grade 


Students 


table on the right shows the number of students in each 


6th Primary 


34 


grade. The answers were codified according to the 


7th Primary 


62 


method of levels and types of answers defined in 


8th Primary 


83 


Gutierrez, Jaime, Fortuny (1991), and a vector with 4 


1st Secondary 


35 


percentages was assigned to each student, showing the 


2nd Secondary 


36 


student’s acquisition of Van Hiele levels 1 to 4. Both 


3th Secondary 


28 


researchers made independent assignations of level and 


4th Secondary 


31 



type to each answer, then both assignations were 



compared, and the disagreements were analyzed. Some times this analysis resulted in an 
improvement of the marking criteria, and a new marking of some answers if necessary. 

In order to make more meaningful the results of the evaluation of the tests, the 
numeric scale of percentages of acquisition of a Van Hiele level can be translated into a 
qualitative scale of degrees of acquisition of the level, as follows: 

[ No acquisit. j Low acquisit. [ Intermed, acq. j High acquisit. ^ Complete acq. j 
0% 15% 40% 60% 85% 100% 

The vectors of the degrees of acquisition of the four levels provide information about 
the behaviour of every individual student. Analysing those data, we have identified 
several profiles, that correspond to different styles and qualities of reasoning. The table in 
the next page presents the most significant of such profiles and the percentages of 
students having each profile (for instance, in CHI:£L, C stands for complete acquisition of 
level 1, H for high acquisition of level 2, 1 for intermediate acquisition of level 3, and for 
low or null acquisition of level 4). 
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Profiles 


6th 


7th 


8 th 


1st 


2nd 


3rd 


4th 


C 


C 


I,H 


<1 


0 


0 


1,2 


0 


5,6 


3,6 


12,9 


C 


H 


I 


<L 


0 


0 


0 


0 


5,6 


3,6 


9,7 


C 


H 


<L 


N 


0 


4,8 


4,8 


0 


0 


25,0 


12,9 


C 


I 


<L 


N 


0 


3,2 


10,8 


11,4 


5,6 


7,1 


25,8 


C 


<L 


<L 


N 


26,5 


43,6 


59,0 


17,1 


44,4 


42,9 


22,6 


H 


£1 


<L 


N 


20,6 


9,7 


12,1 


28,6 


\ 263 


0 


0 


I 


N 


N 


N 


29,4 


8,1 


7,2 


2,9 


0 


143 


0 


L 


<L 


N 


N 


20,6 


\ 25,8 


2,4 


34,3 


2,8 


0 


0 


N 


N 


N 


N 


2,9 


4,9 


1,2 


0. 


0 


0 


0 



An evolution in the students' kind of reasoning along the grades can be observed: 
The higher the course, the bigger the number of students showing better profiles of 
reasoning, with the exception of 1st and 2nd grades of Secondary. 

It is also interesting to analyze the relationship between the results of students in 
different grades. Next chart shows the means of the acquisition of each Van Hiele level by 
the students in each grade, so it provides with a global picture of the differences from 
students in different grades. Some conclusions can be drawn from both table and chart: 



100 

80 

60 

40 

20 

0 





Level 1 Level 2 Level 3 



B6th Prim. 
Q7th Prim. 

□ 8th Prim. 

® 1st Second. 
■ 2nd Second. 
mj3rd Second. 
B4th Second. 



tin ^■imil s u t 



Level 4 



-Most students had a high or complete acquisition of level 1. There is a progress in 
the acquisition of this level along the Primary grades, and also along the Secondary 
grades. However, it is noticeable the reduction of the acquisition of this level in the first 
grade of Secondary. A reason for such reduction may be that some students in this grade 
had not enough time to complete the test, since 8 students (23% of the group) did not 
answer the last item in the test (item #3), and half of them neither answered the previous 
item (#2). Both items assess levels 1 and 2. The influence of this problem in the results of 
level 1 is rather important since only three items evaluate this level, but its influence in the 
results of level 2 is smaller because it is assessed by all the items in the test. 

- Students in 7th grade of Primary and 1st, and 2nd grades of Secondary had not 
completely acquired the first level, although they showed at the same time a low 
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acquisition of level 2. In the same way, students in the upper grades of Secondary showed 
an intermediate acquisition of level 2 and also a certain acquisition of level 3. One of the 
main characteristics of the Van Hiele Model is the hierarchy of the levels (a student is 
supposed to begin the acquisition of a level only after s/he has completed the acquisition 
of the previous level), but the reality of the teaching of mathematics is that often students 
are being taught in the higher level of reasoning, and teachers force them to answer 
according to that level. The result is that students are not allowed to complete the 
acquisition of the lower level but, sometimes, they acquire practice, although only a few, 
in the higher level. However, the phenomenon of "reduction of level" has to be taken into 
consideration (Van Hiele, 1986). 

- Only 17 students in the sample had an intermediate or better acquisition of level 3, 
and only 7 students showed a low or intermediate acquisition of level 4. So, most Spanish 
students leave the Secondary School having a low or null acquisition or level 3, i.e. almost 
completely unable to make any kind of mathematical deductive reasoning (neither formal 
nor informal). These poor results may be a consequence of the usual way of teaching 
Mathematics in Secondary School, where many teachers emphasizess formal proofs (level 
4) when, as we see in the previous graph, students are reasoning only in level 1 or 2. 
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INVESTIGATING THE FACTORS WHICH INFLUENCE THE CHILD’S 
CONCEPTION OF ANGLE 



Sandra Magina 

Mestrado em Ensino de Matematica 
PUC/SP - Brazil 



7 his paper summarises the main results of a PhD thesis which aimed to investigate the 
factors which influence the child's conception of angle by analysing children's 
responses in a variety of situations and under different conditions . Theories from 
psychology and mathematics education were interwoven to form a basis for designing 
the study and the interpretation of the results. 

This study was guided by constructivism and authors who follow this position. In this way, 
from Piaget (Piaget et al 1968, Fourth 1969, 1977) I embraced the perspective in which knowledge 
can be understood from two viewpoints: as describing things - figurative knowledge - which 
initially arises from imitation, starting the symbol formation, and as operating on a thing — operative 
knowledge - which is concerned with the transformation of reality states. It involves a logical 
thought. The 'figurative' aspects of symbolic acquisition and their usage, including language, are 
subordinated to the child’s ‘operative’ aspect of knowledge. 

From Vygotsky’s theory (1962) I borrowed two main ideas. The first is the zone of Proximal 
development, which allows children to reach higher stage (level) with the help of 'others' The 
second is his distinction between spontaneous and scientific concepts and how both are elements of 
the same process, ie., of the concept formation. They are continually influenced by each other. The 
spontaneous concept arises from the child's everyday life experience, whilst the scientific concept is 
usually acquired at school, with the help of the teacher. 

Vergnaud (1987, oral communication) makes a similar distinction between spontaneous 
(called 'ordinary') and scientific concepts, which illuminate the understanding of the results of this 
research. He argues that ordinary concept has much to do with a person’s level of competence. This 
competence is shown by the operational invariants which emerge from schemes acquired from a 
child’s interaction with the situation. Thus the operational invariants >vill constitute theorems-in- 
action as well as the theorem-in-conception. He emphasises that ordinary and scientific concepts can 
co-exist in harmony, depending on the situation in which each concept, or combination of concepts, 
might be applied. Thus, it is essential to confront a child with problem solving which puts him/her in 
a position of understanding the meaning of the concept . 
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Another important idea which was also helpful for the interpretation of my findings comes 
from Nunes (1992, 1993). She argues that the representational systems influence the functional 
organisation of the children’s activities However, these systems may not be able to influence the 
functional organisation without the support of particular cultural sign systems . This means that the 
same children may perform differently when carrying out the same function supported by different 
systems. 

Finally, from Van Hiele (1986) 1 embraced the argument that a context involves many 
different symbols, and any given symbol is not restricted to one context only. For Van Hiele, the 
starting-point of symbols is an image, in which the properties and relations are projected. Through 
learning, the symbol loses its peculiarity of image and achieves a verbal significance. Therefore, the 
symbol becomes more useful for operations involving thinking. 

The design of the research was built up based on the main issues of the above theories, from 
which three fundamental questions arose: 

1) Considering Piaget’s and Vygostsky’s developmental perspectives, considering also Vygotsky and 
Vergnaud’s ideas that firstly, a concept emerges spontaneously and thus is transformed into a 
scientific one and, still having in mind Van Hide’s considerations about the learning process, I 
consider how the angle is understood by a cliild spontaneously, and to what extent this understanding 
varies with age and schooling? 

2) From Van Hiele’ statement about the importance of presenting a content inserted in a paper 
situation plus Nunes’s consideration about the influence of different representational systems over 
the functional organisation of people activity, my question is: does a child have a different perception 
of an angle in different situations? 

If so, and thinking in terms of children’ semiotic function, a finally ask: 

3) How do different situations give meaning to the child’s understanding of an angle? 

THE STUDY 

The research was carried out in Recife, a city situated in the north-east of Brazil. The sample 
was comprised fifty four students divided on the basis of school levels into nine groups of six, with 
the youngest group consisting of 6 year-old pre-school children and the oldest 14 year-olds in the 
last class of elementary school. In Brazil, school is divided into elementary school (from first to the 
fourth class) and middle school (from fifth to eighth class). In the elementary school children have 
only one teacher who is responsible for all central subjects in the curriculum including mathematics. 



o 
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In contrast to the earlier years, children in the middle school have different teachers for different 
subjects. In Brazil the teaching of geometry occurs differently from the elementary to the middle 
school. As far as the curriculum relevant to this study is concerned, children have some contact with 
the topic of angle in the elementary school - although this is largely confined to ‘playing’ with 
shapes. More analytical activity including angular measurement is not introduced until the middle 
school. For this reason, the sample was divided into two groups: Group 1, composed of 6-10 year- 
old children from early elementary school, and Group 2 which was made up of 11-14 year-old 
children from middle school 

The study included 92 activities, i.e., children were asked 92 times to give an answer in three 
separate sections. The activities, which were the central point of the research, were elaborated 
according to six interwoven sets of variables, as described and defined, in summary , in the next 
figure: 




Figure 1 : The Universe of the Study 



I now shall briefly give some examples of how activities were carried out : 
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Example 1: from the map arena 

Recognition: Did you turn 90° at any point along route A? Where? 

Did you turn 90° at any point along route B? Where? 

Articulation: Explaining your answer 

In this example, the activities, beside the recognition and articulation conditions as well 
as group 2 of the size of the angle, were using the dynamic perspective, for all 3 settings, 
experienced the navigation context. 

Example 2: from the watch arena 

Action: Where would the minute hand be half an hour later? 

Articulation: Explain how did you come to your answer 

This example shows an activity related to: group 3 of the size of angle variable, action 
and articulation conditions, inside of everyday and Logo settings, experiencing the 
rotation context, in a dynamic perspective. 

Example 3: from the 4 angles arena 

Recognition: Which of the angle is the largest value? 

Which of the angle is the smallest value? 

Articulation: Explain why you came to your answer 

This example shows an activity related to group 7 of the size of angle variable, 
recognition and articulation conditions, inside of paper and pencil (p&p) and Logo 
settings, experiencing the comparison context, in a static perspective. 



RESULTS 

Next Tables below show the number of incorrect answers given by children in both Group 1 (from 6 
to 10 year-olds) and Group 2 (from II to 14 year-olds) over the 92 activities. The tables will take 
into account: contexts (Table 1), settings (Table 2), arenas (Table 3), conditions (Table 4), and size 
of angle (Table 5) 



% OF INCORRECT RESPONSES 3 CONTEXTS 



Ages 


NAVIGATION 


ROTATION 


COMPARISON 


6 


89.39 


76.67 


80.30 


7 


81.06 


64.6 


70.71 


ELEMENTARY g 


77.27 


30 


64.65 


SCHOOL 9 


81.06 


28 


62.12 


10 


74.24 


19.44 


55.55 


Average 


80.60 


43.74 


66.67 


11 


82.61 


20 


49.48 


12 


81.16 


16 


44.79 


MIDDLE 13 


66.67 


6.67 


23.44 


SCHOOL , 4 


45.65 


0 


14.06 


Average 


71.27 


10.67 


32.94 



Table 1: The result of children’s performances in the 3 context 
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% OF INCORRECT RESPONSES 
3 SETTINGS 



Ages 


1 

EVERYDAY 


2 

PAPER & PENCIL 


3 

LOGO 




6 


75.22 


90.38 


71.84 




7 


68.02 


75 


67.24 


ELEMENTARY 


8 


47.75 


69.87 


49.42 


SCHOOL 


9 


54.05 


68.59 


43.1 




10 


46.4 


51.28 


40.23 




Average 


58.29 


71.02 


54.37 




n 


48.15 


60.90 


40.23 




12 


43.52 


51.92 


31.61 


MIDDLE 


13 


32.41 


42.95 


21.84 


SCHOOL 


14 


21.76 


31.41 


8.04 




Average 


| 36.46 


46.79 


25.43 



Table 2: The result of children’s performances in the 3 settings 



% OF INCORRECT RESPONSES 
2 CONDITIONS 



Ages 


I 

RECOGNITION 


2 

ACTION 




6 


81.42 


• 72.58 




7 


73.77 


61.83 


ELEMENTARY 


8 


65.57 


32.79 


SCHOOL 


9 


66.12 


32.26 




10 


57.92 


22.04 




Total 


68.96 


44.3 




11 


61.94 


24.73 




12 


53.61 


19.98 


MIDDLE 


13 


43.33 


10.21 


SCHOOL 


14 


29.72 


1.61 




Total 


47.15 


14.13 



Table 3: The result of children’s performances in the 2 conditions 



% OF INCORRECT RESPONSES 
6 CROUPS OF ARENAS 





1 


2 


3 


4 


5 


6 


Ages 


MAP 


WATCH 


2 ANGLES 


4 ANGLES 


ARROW 


SPIRAL 


6 


78.28 


74.44 


78.43 


100 


79.41 


72.22 


7 


72.73 


57.78 


66.67 


95.83 


73.53 


63.89 


ELEMENTARY 8 


6566 


27.78 


60.78 


95.83 


41.18 


63.89 


SCHOOL 9 


67.68 


34.44 


63.72 


95.83 


35.29 


36.11 


10 


59.59 


21.11 


58.82 


70.83 


25.49 


33.33 


Total 


68.79 


43.11 


65.68 


91.66 


50.98 


53.89 


11 


73.44 


22.22 


47.06 


66.67 


28.43 


30.55 


12 


61.98 


6.67 


43.14 


70.83 


27.45 


38.89 


MIDDLE i3 


59.37 


4.44 


29.41 


37.50 


12.74 


13.89 


SCHOOL 14 


44.27 


0 


11.76 


25 


0.98 


16.67 


Total 


i 59 76 


8.33 


34.25 


50 


17.4 


25.02 



Table 4: The result of children’s performances in the 6 arenas 



o 
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% OF INCORRECT RESPONSES 
7 CLUSTERS 



Ages 


1 

<90 


2 

90 


3 

180 


4 

540 


5 

720 


6 

>720 


7 

4 e 6 

ANGLES 


6 


85.08 


85.9 


75 


79.17 


75 


72.22 


94.4 


7 


70.17 


83.33 


62.12 


79.17 


58.33 


63.89 


100 


ELftMENTARY g 


68.42 


75.44 


37.12 


45.83 


8.33 


63.89 


80.55 


SCHOOL 9 


69.30 


79.82 


39.39 


20.83 


0 


36.11 


88.89 


10 


62.28 


72.81 


29.54 


20.83 


4.17 


33.33 


69.44 


Total 


71.05 


79.30 


48.63 


49.17 


29.17 


53.89 


86.67 


11 


64.03 


65.79 


38.64 


29.17 


8.33 


27.78 


66.67 


12 


57.90 


64.49 


29.54 


25 


12.5 


38.89 


55.55 


MIDDLE 13 


46.49 


54.38 


20.45 


.33 


0 


13.89 


30.55 


SCHOOL 14 


20.17 


28.07 


17.42 


0 


0 


16.67 


16.67 


Total 


47.15 


53.18 


26.51 


15.62 


5.21 


24.31 


46.36 



Table 5: The result of children’s performances according to the size of the angle 



DISCUSSION 

Taking into account the six variables of the study, the discussion will be, placed in terms of 

issues: 

Development. The results pointed to the presence of the developmental factor as influencing the 
children’s performances. A progressive increase, in the averages of correct answers, was noted as 
the child matured (from 6 to 14), although this difference was less in the performances of 8 to 12 .. 
year old children. However, these differences were not very marked and age did not necessarily lead 
to improvement, as shown the difference between the results of 10 and 1 1 year-old children. I shall 
take two points into consideration. Firstly, 10 and 1 1 age-group children were classified in the same 
sub-group. Secondly, the difference in favour of the 10 year-old children was small. Therefore I do 
not consider that this divergence refutes the developmental factor. Instead I understand that this 
difference shows that there were other factors influencing children’s performances. 

School. 1 came up to state that school was one of the responsible for the children’s performances 
based on the evidence that middle school children were able to solve at least half of the activities, 
whilst among the elementary school children this only occurred with the 10 year-old children. On the 
other hand, the children’s results were not wholly consistent. In fact, younger age-group children 
presented better performances than older ones depending on which value of angle was involved in 
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the activity. For instance, 12 year-old children made more mistakes than the 9 year-olds in those 
activities which involved angles of 720° and wider (clusters 5 and 6 respectively). 

Angle Perspective. The quantitative findings evidenced a diminution, from 8 to 14 year-old children, 
with regards to the number of the correct solutions in activities inserted in the dynamic perspective 
of anglel 5 !. Moreover, the 12, 13 and, above all, the 14 year-old age-groups, as well as 6 and 7 year- 
old children, showed better performances in the static activities. Why middle school children were 
better in this perspective while the elementary school children were better in the dynamic 
perspective: did the middle school children have difficulty in perceiving the movement of figures? In 
fact, when the qualitative data are taken into account we note that children between 8 and 14 
referred quite often to the turns of the figures, mainly when the activities in the everyday and Logo 
settings. The same was not noted among 6 and 7 year-old children, who referred to this category 
very little in comparison to the older age-groups. Moreover these younger age-groups continued to 
used the static reference as much as the older children. This is an evidence that for younger children 
were concerned with the figure itself as it was in a given moment, i.e., before or after it had moved — 
children were only using the figurative aspect of knowledge. 

Setting. The majority (and in some age-groups, all) children presented their best performances in the 
Logo setting. This result was true for all the age-groups, independent of school level. My first 
explanation for this result does not relate to any of the theories mentioned, but to the children’s 
motivation to play with Logo, since the computer had never been used before by these children. 
Context: The great majority of the children presented their best performances when the activity was 
part of the rotation context. In contrast, a large number of children could not solve activities in the 
navigation context. The first fact to be taken into account from this result is the mathematical 
properties involved in the contexts: whilst, rotation involves turning around the same point (same 
axis), navigation presupposes translations and rotations and rotations occur in different axis. 
Therefore, in the mathematical sense, the context of navigation is more complex than rotation, since 
rotation is one of the steps involved in navigation, i.e., children need to know (or at least, to carry 
out) rotation in tasks involving navigation, but the contrary is not true. From the psychological 
perspective it is also possible to note differences between the two contexts which were probably 
influencing the children’s experience. 



® - I am not afirming that 8 year old children solved more dynamic questions correctly than the 14 year old 
children. Rather, it refers to a comparison, within groups, between the average of correct responses taking 
into account the dynamic and static perspectives. 



o 
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My last reflection concerns the dynamic and static perspectives. The finding showed that the 
older children, the more they referred to the dynamic perspective. It was also showed that the p&p 
setting is the hardest one for children of all ages. P&p was the setting which, unlike the other two, 
basically explored static activities. This happened because I was interested in exploring the 
relationship between p&p and school, as I did between the spontaneous concept and the everyday 
setting, and also between dynamic and the Logo setting. However, thinking only in terms of dynamic 
and static perspectives, I noted that arenas could be better balanced intra and inter settings. In this 
way the everyday setting should involve other static arenas besides the stick game, the one in which 
children did not make association with their daily life. And the p&p setting should involve dynamic 
arenas other than the arrow in which children can make associations with their everyday life. For 
future research I would propose a design which included, in each setting, a balanced number of 
arenas, in terms of dynamic and static as well as in terms of cultural and non-cultural meaning. 
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CHILDREN’S CONSTRUCTION PROCESS OF THE CONCEPTS 
OF BASIC QUADRILATERALS IN JAPAN 



TADAO NAKAHARA 

FACULTY OF EDUCATION, HIROSHIMA UNIVERSITY 
( ABSTRACT ) 

The objective of this study is to investigate and clarify the process 
of children's construction of the concepts of basic quadrilaterals. 
We conducted three kinds of research tests and discuss the results 
from three points of view. 

Section 1 discusses the existence of common cognitive paths among 
basic quadrilaterals. In section 2 we attempt to analyze the process 
of cognitive development with mutual relationships among basic 
quadrilaterals. Section 3 examines if actual children’s thoughts of 
basic quadrilaterals follow the thought levels proposed by van Hiele. 



0. INTRODUCTION 

This paper attempts to investigate the process of children’s construction of the 
concepts of basic quadrilaterals, or specifically trapezoid, parallelogram, and 
rhombus, from the following three points of view. 

PI. Vinner’s common cognitive path 

P2. Recognition of mutual relation among quadrilaterals 
P3. Van Hiele ’s theory of thought levels 
PI is based on the idea that there may be a concept construction path common to 
most children in mutually related concepts A and B. This idea was proposed by 
Vinner et al. (1980). Section 1 discusses the existence of common cognitive 
paths among basic quadrilaterals. 

P2 is an attempt to analyze the process of cognitive development with mutual 
relationships among the basic quadrilaterals. In Japan, how to teach this topic 
significantly changes each time the mathematics programs by the Ministry of 
Education undergo revisions, which indicates there are a lot of need to be 
explicated on the development process and difficult points. Section 2 discusses 
these subjects. 

P3 is associated with the concept construction process over the relatively 
longer term. The theory of thought levels proposed by van Hiele is widely known 
today, and studies which have found some positive results supporting the theory 
are being carried out at present (NCTM, 1988). With such a situation in mind, 
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Section 3 examines if actual children’s thoughts of basic quadrilaterals in 
Japan follow the thought levels by van Hiele. 

Problems and subjects of this research are as shown below: 

Problems for research: Research Problem Set I t II and III 



( Appendix ®, (2) and ® attached at the end of this paper) 
Table 1. Subjects of the research 



School 




Elementary School 


Secondary School 


Grade 
( Age ) 




4th 
(9- — '10) 


5th 

(10-11) 


6th 

(11-12) 


7th 

(12—13) 


8th 

(13-14) 


Number 




1 0 6 


9 7 


1 1 2 


1 0 6 


1 0 1 



1 . COMMON COGNITIVE PATH 

Teaching of the basic quadrilaterals in Japan at present is mostly carried out 
in the fourth grade of elementary school. This section analyzes and discusses 
the results from the tests of the research problem sets I and II conducted 
with fourth graders and fifth graders. The research problem set I relates to 
the extension of geometrical figure concepts, while that of set II to its conno- 
tation. The results from the tests were processed as shown below. 

With the problem set I , subjects who answered correctly five problems or more 
out of seven have been assumed to have nearly-perf ect understanding of the 
extension of concept for the geometrical figure. Totalling the number of these 
subjects for each of the geometrical figures has resulted in the next order: 
parallelogram — » rhombus—* trapezoid. For that reason, common cognitive paths 
from parallelogram to rhombus, and from rhombus to trapezoid have been antici- 
pated. Accordingly, two-by-two contingency tables have been developed based the 
distinction between nearly-perfect or not, and x z tests have been conducted 
on those. One of the tables is as shown in Table 2. 

Table 2. Two-by-two contingency table of rhombus-trapezoid { Set I ) 



O: Subjects with nearly- 
perfect understanding 
X : The others 



( 4th graders) 


Trapezoid 




O x 


Total 


Rhombus 


o 

X 


48(45.3*) 32 (30.2*) 

3 ( 2.8) 23(21.7) 


80 (75.5*) 
26(24.5) 






51 (48.1) 55 (51.9) 


106 (100) 



X 2 =16.6 p<0.01 

(Yates ’ correction) 



Regarding the problem set II , on the other hand, a subject has been judged to be 
nearly-perfect with the connotation of the concept, when he (or she) answered 
correctly five problems or more out of six for each of the figures. Totalling 
again the number of nearly-perfect subjects with each of the geometrical figures 
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has similarly resulted in the order of : parallelogram, rhombus, and trapezoid. 
Since the same cognitive paths from parallelogram to rhombus, and from rhombus 
to trapezoid have been anticipated, we have developed two-by-two contingency 
tables between them for x 2 tests. The results are shown in Table 3 and 4. 



Table 3. Results of common cognitive paths relating to extension 





Parallelogram to Rhombus 


Rhombus to Trapezoid 


4th Graders 


Exist ( p < 0 . 0 1 ) 


Exist ( p < 0 . 0 1 ) 


5th Graders 
Table 4. Results o 


Exist ( p < 0 . 0 5) 

f common cognitive paths relat 
Parallelogram to Rhombus 


Exist ( p < 0 . 0 7 ) 

ing to connotation 

Rhombus to Trapezoid 


4th Graders 


Exist ( p < 0 . 0 1 ) 


Exist ( p < 0 . 0 1 ) 


5th Graders 


Exist ( p < 0 . 0 5) 


Exist ( p < 0 . 0 8 ) 



These results signify that the common cognitive paths for the basic quadrilat- 
erals are from parallelogram to rhombus, and rhombus to trapezoid, both with 
connotation and extension. Those paths are considered to indicate the process 
and paths of constructing the concepts. Therefore, teaching these concepts should 
be more effective when made in order of parallelogram, rhombus and trapezoid. It 
is noteworthy that the order is not a mathematical transition from the general 
to the special nor the special to the general. 

2 . RECOGNITION OF MUTUAL RELATION AMONG QUADRILATERALS 

Researching problems for this view point are primarily the problem set III. The 
results focusing on the rate of correct answers are shown in Table 5. 



Table 5. Results of problem set HI 







Rectangle t Quadrilateral 




Triangle t Isosceles Tri. 




Parallelogram l Trapezoid 




Parallelogram t Ehoobus 


cX 




a* 

A 


b 

E 


c 

I* 


d 

0 


To. 




a 

A 


b 

E 


c* 

I- 


d- 

0 


To. 




a* 

A 


b 

E 


c 
I ' 


d 

0 


To. 




a 

A 


b 

E 


c B 

I * 


d* 

0 


To. 




















































4 th 
N»106 




X 

72 


% 

7 9 


% 

42 


X 

55 


X 

62 




X 

55 


X 

66 


X 

64 


X 

65 


X 

63 




X 

1 6 


X 

33 


X 

58 


X 

29 


X 

34 




X 

62 


X 

48 


X 

48 


X 

62 


X 

55 


6 th 
K-U2 




87 


88 


67 


7 5 


79 




83 


7 1 


80 


83 


79 




20 


4 1 


60 


44 


4 1 




74 


64 


7 0 


69 


7 0 




















































8 th 
N-101 




9 1 


9 1 


7 9 


86 


87 




86 


7 9 


87 


85 


84 




4 1 


58 


76 


63 


60 




73 


83 


7 9 


76 


78 



From the above results, the following conclutions may be drawn, wherein the 
following discussions triangles and quadrilaterals are called general figures, 
and isosceles triangles, parallelogram etc. that are derived by adding restric- 
tions are called special figures. 
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i) Mutual relationship between a general figure and a special figures as 
between a triangle and an isosceles triangle or between a quadrilateral and 
a rectangle is basically recognized by 65 % ~~70 % of fourth graders and by 85 % 
— 90 % of eighth graders. These high rates of correct answers indicate the ease 
of recognizing the mutual relationship between a general and a special figure as 
compared with other relations. 

ii) Mutual relationship between a parallelogram and a rhombus is basically 
recognized by approximately 55 % of fourth graders, approximately 70 % of sixth 
graders, and by 75 %~~80 % of eighth graders. Those numbers show that recognizing 
mutual relationship between special figures is more difficult than between 
general and special figures. 

iii) Only approximately 20 % of sixth graders, and approximately 40 % of eighth 
graders gave correct answers to the questions on the mutual relationship between 
parallelogram and trapezoid. That indicates that recognizing the mutual relation- 
ship between parallelogram and trapezoid is the most difficult relationship for 
children. 

iv) The significant difference in the rate of recognition of the mutual rela- 
tionship between parallelogram and rhombus and that of parallelogram and trape- 
zoid indicate a difference in the construction of concepts between rhombus and 
trapezoid. Results from the research problem sets I and HI indicate that many 
children have an image of a footstool about trapezoids, and they understand 
trapezoids as having only a pair of parallel sides. The former is a prototype 
phenomenon (Hershkowitz et al . ,1990, pp. 82-83) induced by typical trapezoid 
figures presented in early stages of teaching. The latter, on the other hand, 
comes from the difficulty in the definition of trapezoid involving the use of a 
logical term "at least", or from ambiguity due to avoidance of that difficult 
term. Results from the problem set UI also show that once a child understands 
the definition in such an exclusive manner, it is difficult for him (or her) to 
correct the exclusive understanding even after learning the logically correct 
definition afterward. 

v) The recognition of the mutual relationship between quadrilaterals reflects 
common cognitive paths from parallelogram to rhombus, and rhombus to trapezoid. 
From all of the above, the following are derived : 

(a) Recognition of mutual relationship between figures varies in level of 
difficulty according to that of the object figure. 

(b) With quadrilaterals, mutual relationships are recognized and constructed at 
first between a general figure and a special figure, then between special 
figures, and lastly between difficult-to-define special figures. 
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(c) In teaching trapezoids, some improvements should be made with pictures and 
definition to be presented in the early teaching stage. 

3 . THEORY OF THOUGHT LEVELS 

Today, a variety of research problem sets have been developed to identify the 
thought levels proposed by van Hiele. By the standards suggested by Mayberry 
(1983, pp. 60-61) , the research problem set I , D, and HI are judged to be those 
to determine if the thought level 0, 1, 2 are reached respectively. Therefore, 
using those problem sets, this section discusses the thought levels on quadri- 
laterals. 

Results from the research have been processed as shown below: with the problem 
set I , those subjects who gave two or less wrong answers have been assumed to 
have nearly-perfect understanding, while, with the sets II and III , those with 
only one or no wrong answer have been assumed to be the same. On that assumption, 
research have been carried out to determine if the subjects are nearly-perfect 
with respect to each of the problem sets I , II, and HI, and to summarize the 
results. Table 6 shows the results with fourth graders and eighth graders. 

Table 6. Results of analysis for thought levels 

O - Subjects with nearly-perfect understanding x : The others 







4th Grader (N=106) 




8th Graders (N=101) 


Thought 

Level 


Problem 
I II 


Set 

m 




Paral. 


Rhom. 


Trape. 




Paral. 


Rhom. 


Trape. 


Level 2 * ■ 


• O 


O 


o 




2 3% 


1 4 % 


1 % 




6 9% 


6 2% 


3 6% 


Level 1 • • 


• o 


O 


X 




3 3 


3 3 


3 1 




2 2 


1 9 


3 1 


Level 0 • ■ 


• o 


X 


X 




2 3 


1 8 


1 3 




4 


4 


4 




X 


X 


X 




8 


1 3 


32 




1 


2 


1 0 




Sub- 


-total 




8 6 


7 8 


7 7 




9 6 


8 8 


8 0 




O 


X 


O 




6 


1 0 


3 




2 


5 


3 




X 


O 


X 




5 


2 


1 4 




0 


1 


1 2 




X 


o 


O 




2 


2 


1 




1 


3 


4 




X 


X 


O 




2 


8 


5 




1 


3 


1 



The following examines these results from two view points presented by Mayberry 
(1983, p. 58) : The first is an inversion phenomenon, and the second the consensus 
of levels between concepts. In order for thought levels to represent development 
levels, there must not be cases of inversion phenomena where, for example, a 
subject can solve level-2 problems, but still cannot solve level-1 problems. To 
examine the phenomena, a sub-total line has been inserted. Patterns above the 
sub-total line include no examples of inversion phenomena, while those below it 
represent subjects showing the phenomena. The subtotals represents the rate of 
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the numbers of subjects showing no inversion phenomena. 

The tables indicates that 77 % or more of children show no inversion phenomena 
with each of the geometrical figures for each class of school graders. No firm 
criterion, or minimum proportion of subjects without inversion phenomena has been 
established yet to determined if the thought levels represent the development 
levels. The above results, therefore, show that, by setting the criterion to 77 % t 
the thought levels can represent the development levels with each of figures and 
for each class of school graders. For that reason, one of the conclusions of 
this paper is that the concepts of basic quadrilaterals develop in accordance 
with thought levels presented by Vein Hiele. 

The second view point, the consensus of levels between concepts, represents a 
condition, for the purpose of this paper, where a child is on the same level 
with respect to parallelogram, rhombus, and trapezoid. In the above table, the 
numbers of children at each of levels vary significantly by geometrical figures. 
For example, the numbers of children at the level of " OOO ", or level 2, 
vary significantly with respect to parallelogram, rhombus, and trapezoid. Judging 
from these facts, the consensus is not observed. 

Those results indicates that the thought levels of the same child will vary 
according to different geometrical figures. Therefore, it should be understood 
that a child’s thought level depends on concepts. 

The results, however, do not necessarily negate generality in the development of 
thought levels. We think that it is possible that although the development level 
itself is at the level 2, the level with a paticular concept still remain lower 
because the subjects had yet learned it or learned it insufficiently. 
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Appendix© 



RESEARCH PROBLEM SET I 



Q 1 . Among the quadrilaterals shown in the figure below, enter a circle (O) in 
the parentheses ( ) if the figure belongs to the class parallelograms, and 
a cross (x) if not. If you are not sure, enter a triangle (A). 




Q 2 . Among the quadrilaterals shown in the figure below, enter a circle (O) in 
the parentheses ( ) if the figure belongs to the class trapezoids, and 
a cross ( x ) if not. If you are not sure, enter a triangle (A). 




Q 3 . Among the quadrilaterals shown in the figure below, enter a circle (O) in 
the parentheses ( ) if the figure belongs to the class rhombuses, and 
a cross (x) if not. If you are not sure, enter a triangle (A). 
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Appendix© 



RESEARCH PROBLEM SET II 



Read the following sentences a. through f.in Q 1— Q3 and circle the letter 
if it is right, or cross if not. 

Q 1 . ( Properties of a parallelogram ) 

a. Both pairs of opposite sides of a parallelogram are same length. 

b. Both pairs of opposite sides of a parallelogram are parallel. 

c. Adjacent sides of a parallelogram are same length. 

d. Opposite angles of a parallelogram fire the same. 

e. Adjacent angles of a parallelogram fire the same. 

f. Some parallelograms have four sides of different lengths. 

Q 2 . ( Properties of a trapezoid ) 

a. Both pairs of opposite sides of a trapezoids are same length. 

b. One pairs of opposite sides of a trapezoids are parallel. 

c. Adjacent sides of a trapezoids are same length. 

d. Opposite angles of a trapezoids are the same. 

e. Adjacent angles of a trapezoids are the same. 

f. Some parallelograms have four sides of different lengths. 

Q 3 . ( Properties of a rhombus ) 

a.~f. : The same kind of questions in Q 1 



Appendix© RESEARCH PROBLEM SET III 

Read the following sentences a. through d. in Q 1 ~Q4 and circle the letter 
if it is right, or cross if not. 

Q 1 . ( Rectangles and Quadrilaterals ) 

a. All rectangles belong to quadrilaterals. 

b. No rectangle belongs to quadrilaterals. 

c. Only selected rectangles belong to quadrilaterals. 

d. Some rectangles do not belong to quadrilaterals. 

Q2. ( Triangles and Isosceles Triangles) The same kind of questions in Q 1 . 
Q3. ( Parallelograms and Trapezoids ) The same kind of questions in Q 1 . 

Q4. ( Parallelograms and Rhombuses ) 

a. All parallelograms belong to rhombuses. 

b. No parallelogram belongs to rhombuses. 

c. Only selected parallelograms belong to rhombuses. 

d. Some parallelograms do not belong to rhombuses. 
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The purpose of (his study was to investigate the viability was the implementation of a 
spherical geometry unit in a university geometry course designed for prospective middle 
school teachers. Using qualitative data collected from students enrolled in this course , 
instructor reflections, and participant observations, it was found (hat the proposed unit 
promoted novel and rich discussions dining its development that allowed prospective 
middle school teachers to construct alternate views of mathematics learning 
environments . 



Currently, there have been many calls (National Council of Teachers of 
Mathematics [NCTM], 1989; NCTM, 1991; National Research Council [NRC], 1989) to 
implement changes in content and pedagogy in elementary and secondary school 
mathematics. These suggestions propose a shift from traditional practices to more 
student-centered activities. 

As a result for these calls, the Mathematics Education Program at Florida State 
University is currently carrying out a National Science’ Foundation funded research project 
entitled "Development of Effective Mathematics Learning Environments and Tasks for . 
Prospective Middle Grade Teachers." The main aim of this project is to plan and 
implement courses in mathematics and mathematics learning and teaching for prospective 
middle mathematics teachers. Providing opportunities for prospective teachers to 
construct discipline specific pedagogical knowledge is a priority of this project so that 
prospective middle school teachers will construct and adequate meaning of mathematical 
concepts as central to middle school mathematics (Jakubowski, Wheatley, & Erhlich, 
1993). 



The work reported in ihis paper was supported by National Science Foundation Grant U DUE 9252705. 
All opinions, findings, conclusions, and recommendations expressed herein are those of the authors and 
do not necessarily reflect the views of the funder. 



Preamble 



Course Development 

An experimental course, "Elements of Geometry" has been developed as part of 
the activities in this project and it will be used as the focus of this report. This course was 
designed to provide opportunities to construct geometric patterns and relationships. At 
the same time these issues will be examined from a learning and pedagogical perspectives. 
Among the content of this course, one and perhaps the heart of this course, is a unit of 
non-Euclidean Geometry. 

Students entering the geometry course do so with a rather uniform set of beliefs 
about what mathematics is. This set of beliefs, largely resulting from many years of 
mathematics courses, is well represented by the belief that mathematical activity is nothing 
but "applying" a fixed procedure to get the answer to a task that already existed or was 
developed by someone else. Contrastingly, one of the main goals in this course is for 
students to construct for themselves mathematical patterns and relationships. Thus tasks 
and learning. environments have been created so that they will provide potential learning 
opportunities for the participants. With this goal in mind, the proposed primary 
instructional strategy of this course is problem centered- learning (Wheatley, 1991) and 
assessment procedures have been developed accordingly. 

In an attempt to help students understand the role of geometry in the real world, a 
set of spherical geometry activities have been developed and field tested. For instance, 
Sullivan (1969) argues that concepts developed in mathematics program will be helpful in 
map reading because the study of coordinates could help students in learning about 
latitude and longitude. Congleton & Broome ( 1980) describe a geometry module 
designed for use at the high school level. This module included topics such as spherical 
geometry, the coordinate system used to describe points on the earth' surface, parallel and 
meridian sailing, and a Solution of right spherical triangle problems. Van Den Brick 
(1993), in his workbook "Mecca," that deals mainly with spherical geometry on the globe, 
explains the subtleties inherent in designing a new topic (i.e., spherical geometry) and 
students’ experiences when activities were conducted at school. Lenart (1993) reports an 
experiment involving 400 students from middle school to college level, in Budapest, in 
teaching elements of spherical geometry, contrasted with concepts of plane geometry. He 
stressed the reflections and remarks of students and teachers involved in the experiment. 
Indeed, he claimed that the experience was successful and appropriate for students, 
including middle school students. Casey (1994) described a classroom activity where 
students were introduced to the curvature of surfaces using a wide variety of objects. He 



concluded that projects of this nature are appropriate to introduce students to fascinating 
geometrical phenomena exhibited by surfaces. 

Overall, the above reports emphasize the viability of introducing students to 
spherical geometry activities. In fact, such activities rich potential learning opportunities 
for students and thus it seems worthwhile to introduce prospective middle school teachers 
to topics of spherical geometry which in turn will help them to become better prepared for 
teaching middle school students. 



This research project is part of a larger study. Data reported in this paper was 
collected during the Fall Semester 1994 from one of the sections of the undergraduate 
course "Elements of Geometry" at Florida State University [the section used to collect the 
data for this report was an experimental course of the research project]. The main goal of 



geometry course designed for prospective middle school teachers. This research was 
conducted under a constructivist framework (von Glasersfeld, 1987). The assumptions 
guiding this research were essentially taken from an interpretive perspective (Erickson, 
1986). Several techniques were used to collect data - classroom and participant 
observations, informal interviews, audio tapes, various students documents [of their 
solutions to some geometric tasks of the spherical unit], learning portfolios, and journals. 
Data collected were analyzed on a continuous basis throughout the semester and more in 
depth during the implementation of the spherical unit. This analysis provided rich 
descriptions of relationships between the students' world of geometry and the mathematics 
that emerged from the engagement of students in specific activities and/or during 
discussion time. Triangulation of data (Lincoln & Guba, 1985; Patton, 1990) was used to 
support assertions and assure their viability. 

Most of the students in this course had little or no experience with practices 
informed by constructivist views. The instructional strategies included mathematical 
problem solving in small groups as well as whole class discussion. All participants were 
encouraged to share their views with the class to provide additional opportunities for 
students to test and/or reconstruct the viability of their mathematical constructions. 
Mathematical procedures and formulas were not emphasized in this course. In fact, the 
emphasis was placed on students constructions of conceptual or relational, rather than 
instrumental understanding (Skemp, 1978). 

The spherical geometry unit was implemented over a period of five weeks with 
two sessions per week of an average of 75 minutes per session. When the unit was first 
introduced, students were given a set of tasks designed so that they have the potential of 



The Research 



this report was to investigate the success of the spherical geometry unit in a university 





being problematic, this was guided by the main rationale in this course being that 
mathematics was to be viewed as a personal activity with opportunities for each person to 
construct their own mathematics (Wheatley, 1991). The class was divided into small 
groups of three members each. Each group was provided with a globe of the earth (the 
sphere) and a beach ball that they could use as a model of the earth. Students were 
provided with additional materials such as markers, string, scissors, and tape. The first 
task given to the groups was to draw on the beach ball the equator and the Greenwich 
meridian, longitude lines, and latitude lines. Although it seemed to be a simple task, 
students were actively engaged and the task itself generated rich opportunities for 
clarification of the concepts and characteristics of longitude and latitude. In addition, 
negotiation of conventional mathematical terms of longitude and latitude was ensured. 
There was no specification of strategies to be used in solving the tasks. In fact, students 
were encouraged to work in collaboration and become autonomous in their negotiation of 
social norms. They were encouraged to devise their own methods to solve the tasks and 
to share their findings during whole class discussion. 

Subsequent sessions dealt with concepts of great circle, "straight” line, spherical 
triangle, and quadrilateral, among others. In the following section of this paper we will 
illustrate some of the findings using descriptions of students’ experiences and reactions 
during the implementation of this unit. 



For the purpose of this paper, the findings reported will illustrate the views of 
students that are representative of students’ elaborated constructions that emerged from 
the spherical geometry unit. 

One student commented the following, "it amazes me that everyone in this class is 
at least twenty years old and yet we are figuring out how to calculate longitude and 
latitude." Simple events developed in the classroom such as drawing longitude and 
latitude lines, identifying places such as Tallahassee on the globe and locating those places 
on the model of the earth (using the beach ball) certainly helped students to construct a 
deeper understanding of the concepts involved. Several students from this class shared the 
view that activities of this nature are extremely beneficial to the whole class, in the sense 
that the activities challenge them to integrate what they know whether it was learned from 
a formal setting or learned from their lived experiences. At the same time, they were given 
the opportunity to construct or reconstruct the world in which they live. Another student 
said, "this is the first time that I have thought about relating map reading to mathematics," 
while a different student added, ” I think that with more exposure to these activities, I am 
steadily defining within myself several characteristics of what mathematics is." These are 
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few of the comments that students made when they began to solve the tasks of this unit. 
Overall students expressed both surprise and satisfaction of what they have learned by the 
end of the spherical unit. 

Ail students from this class "understood" the concept of a triangle, however when 
they where asked to define a triangle on the sphere, most of them had no alternatives at 
the beginning (other than the traditional definition of a triangle). After a long process of 
negotiation in their small groups,* students came to a consensus that a spherical triangle is 
formed by the intersection of three great circles. Some students in their effort to make 
sense of a triangle on the sphere cut pieces of strings and taped them on the sphere. Later 
on they took out the constructed triangle and laid it down on a flat surface. To their 
surprise they found out that thesum of the angles of the spherical triangle was greater 
than 180 degrees. They could hardly believe that a triangle on the sphere could actually 
have that characteristic. In fact, one group characterized spherical triangles in the 
following manner: "Spherical triangles are those which are formed by the intersection of 
three great circles (as opposed to the intersection of three line segments on a flat surface), 
each angle of the triangle is formed by the intersection of two great circles, a triangle can 
have one, two, or even three right angles, and the sum of the internal angles is greater than 
1 80 °" A different group made sense of an equilateral triangle by relating it to problem (2) 
in appendix A, where the distances traveled defined perfectly an equilateral triangle since 
they were asked to travel from the North Pole 25% of the way around the globe and this 
direction was given three times and every time they were asked to turn 90° (see appendix 



Another relevant concept that was discussed was the negotiation of a quadrilateral 
on a spherical surface. Students' characterizations of these quadrilaterals were as follows: 
"A spherical quadrilateral is constructed by the intersection of four great circles at four 
different points (that represents the vertices of the quadrilateral);" "A spherical 
quadrilateral uses curved lines (as opposed to straight lines in Euclidean geometry) and the 
sum of its internal angles is greater than 360;° " "A quadrilateral on a spherical surface 
with the length sides equal was not a square, but a parallelogram;" "A quadrilateral on a 
spherical surface with all angles equal to 90° was not a square, but a rectangle." The 
previous conceptualizations that students constructed are flowed, however they indicate 
ways in which students made sense of spherical issues. 

Since the assessment for this class relied heavily on a learning portfolio, students 
had to reflect on what they learned with each unit. This event lead some students to 
develop activities for middle school students about spherical geometry issues. For 
example, one student created a problem-solving task where students needed to work in 
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small teams to develop a plan for a vacation. This activity involved some spherical 
geometry concepts and so students would have the need to resolve similar issues in order 
to develop their plan. 

The data analysis suggests that spherical geometry units are appealing and have a 
great potential for learning geometry in an innovative manner. 

Conclusions 

The spherical geometry unit provided opportunities for prospective middle school 
teachers to make sense of geometric concepts in an interesting and captivating way. 
Overall, the activities implemented during the development of this unit promoted active 
engagement of students enrolled in this course. They valued the fact that they were given 
the autonomy not only to make sense of the mathematical concepts entangled but also 
they were given freedom to make sense of mathematical concepts and to develop their 
own methods to deal with particular tasks. Indeed, during discussion time students even 
commented on the usefulness and appropriateness of these tasks for middle school 
students. 
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APPENDIX A 

Sample Tasks of Spherical Geometry Unit 

1 . Given that the circunfcrence of the earth is 25,000 miles, 

a. Estimate the distance from New York City to San Francisco. 

b. Estimate the distance from Tallahassee to Moscow. 

c. Estimate all points that are exactly 3000 miles from Boston. 

2. Begin at the North Pole. Travel 25% of the way around the globe, turn 90° to the 
right, travel another 25% of the way around the globe, turn 90° to the right again, and 
finally travel 25% around the globe. Where are you? 

3. Begin at (lat. Ion) = (85, 0), heading due West. Travel in a straight line 25% around 
the globe. Determine your final heading. 

4. Investigate the relationship between the side lenghts and the angles for the following 
(on a sphere): 

a. Equilateral triangles. 

b. Isosceles, right triangles. 

c. Regular polygons having four sides. 





SPATIAL PATTERNING: A PILOT STUDY OF PATTERN FORMATION AND 
GENERALISATION 

Margaret L. Taplin 
Margaret E. Robertson 
University of Tasmania, Australia 

The purpose of this paper is to report the outcomes of a pilot study of a larger project designed 
to explore the types and levels of cognitive functioning underlying the conceptual development of 
spatial patterns and relationships. It focuses specifically on pattern formation and generalisation and 
links these to the SOLO Taxonomy (Biggs and Collis, 1982, 1991). Observation of students' 
responses to three tasks suggests a unistructural-multistructural-relational cycle in their attempts to 
recognise generalisations from their representations of the patterns . The study also reflects a 
preference for students to model or draw external representations of the pattern as a basis for making 
generalisations. 

Expressing generality from patterns is a notion fundamental to the development of 
mathematical concepts. It is, for example, one of the three subheadings in the algebra section of the 
National Statement on Mathematics for AustraliarLSchools (Australian Education Council, 1991) and 
is also an important component of the Curriculum and Evaluation Standards for School Mathematics 
(National Council of Teachers of Mathematics, 1989). The National Statement on Mathematics for 
Australian Schools recommends that children "work with a variety of numerical and spatial patterns, 
and find ways of expressing the generality inherent in them.... leading children to recognise that 
different descriptions can fit the same spatial arrangements" (p. 191). It is important to explore the 
most effective ways of implementing these ideas in the classroom at all levels. The focus of the 
larger project of which this study is a part, on the conceptual development of spatial patterns, was 
chosen because of the acknowledged importance of spatial thinking in its own right as well as its 
powerful contribution to mathematical thinking in general (Lean & Clements, 1981, Bishop, 1983, 
Australian Education Council, 1991). 



Several writers (Bishop, 1983, Presmeg, 1992, Australian Education Council, 1991, 

Thomas and Mulligan, 1994) have acknowledged the importance of encouraging students to use 
visual processing in order to Succeed at mathematical tasks, and this is particularly true of spatial 
patterning. However, there is evidence that some children have difficulties with visual processing 
(Bishop, 1983) and that there is a need to understand more about how it can be developed. Kosslyn 
(1983) contributes to this understanding by defining four stages of image processing: generating an 
image, inspecting an image to answer questions about it; transforming and operating on an image; and 
maintaining an image in the service of other mental operations. This is reflected in the National 
Statement on Mathematics for Australian Schools , which claims that, to be able to represent a pattern 
internally, children first need to be able to see it, then find ways to express it verbally. 



The pilot study reported here was concerned with finding out more about the first of 
Kosslyn's stages, that is how children go about generating an image in order to be able to see the 
pattern. This is a critical step. In fact. Resnick and Ford (1981) suggest that "the important 
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intellectual work is over once a representation has been developed" (p.220). In particular, this part of 
the study was concerned with the kinds of external representations children may need to create in 
order to be able to transfer to a mental representation. To establish whether some forms of 
representation lead to more successful outcomes than others, required an understanding of the 
contributions of previous research regarding children’s approaches to processing mathematical 
information. 

There is evidence that successful mathematicians do not necessarily all use the same modes for 
processing information (Krutetskii, 1976, Shama and Dreyfus, 1994). The modes they use can 
include verbal-logical and visual-pictorial (Krutetskii, 1976), physical/kinaesthetic, ikonic or 
notational forms, or various combinations of these (Gardner, 1983, Thomas and Mulligan, 1994). 
While Mayer & Sims (1994) found that some students do not need visual prompts because they can 
generate their own representations, others have reported the manipulation of materials (Owens, 

1994), drawing diagrams (Re snick and Ford, 1981), or a combination of these (Bishop, 1983) to be 
important in establishing internal representations and extracting meanings. Krutetskii (1976) claimed 
that students can be equally successful at mathematics with different correlations between visual- 
pictorial and verbal -logical components. Watson, Collis and Campbell (1994) comment on the need 
for all of these forms to be used to support instruction in the early high school years. 

In spite of this knowledge, there is evidence of a mis-match between students’ preferred 
methods of processing information and the way in which the information is presented to them 
(Resnick, 1992). Resnick suggests that this may be due to failure to encourage children to build on 
to their already established, intuitive ideas about mathematics. The contributions of Biggs and Collis. 
(1991) and others (for example, Campbell, Watson and Collis, 1992, Collis, Watson and Campbell, 
1993, Watson, Campbell and Collis, 1993, Watson et al., 1994) explore this notion of multimodal . 
functioning, particularly in relation to the ikonic and concrete symbolic modes of the SOLO 
Taxonomy (Biggs and Collis, 1982). 

If we are to find out more about how children process information about spatial patterns, it is 
important to investigate these individual differences in the use of information processing (Presmeg, 
1992). Two questions arise within the context of this project. 

(i) Is there an observable progression in children’s ability to recognise generalisations 
from their representations of spatial patterns? 

(ii) What kinds of external representations do children make of patterns, and what intuitive 
or concrete symbolic processes do they apply to these representations, in order to form 
generalisations? 

In exploring these questions, we seek to investigate the interaction between development of 
children’s external processing of generalisations from spatial patterns and the development of intuitive 
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and concrete symbolic thinking in relation to this. The most suitable model for doing this is the 
SOLO Taxonomy (Biggs and Collis, 1982, 1991), because this has been adapted "in response to 
recent structuralist evidence identifying a multiplicity of intelligences" (Campbell et al., 1992, p.279). 

Like Watson et al. (1994), the focus in this study was on school-aged children. As a 
consequence it concentrated mainly on two of the four modes of functioning identified by Biggs and 
Collis: the ikonic and concrete symbolic modes. It will also explore the existence of a unistructural- 
multistructural-relational cycle within these modes (Campbell et al., 1992). 

Tasks 

Three tasks were selected in which students were asked to express generalisations from 
patterns. These tasks were chosen for the following reasons: they are spatial in nature, 
they are suitable for representation in different formats, namely physical/kinaesthetic, visual-pictorial, 
and verbal-logical representation, and they are typical of patterning tasks recommended in documents 
such as the National Statement on Mathematics for Australian Schools (Australian Education Council, 
199 1) and Curriculum and Evaluation Standards for School Mathematics (N ational Council of 
Teachers of Mathematics, 1989). The three patterns are represented, in pictorial form, in Figure 1. 



Figure 1: Tasks 

Task 1: The Match Pattern Task 2: The Step Pattern 

n i rn [ZED 

□ cB c 




Task 3: The Path Pattern 




To give students the opportunity to respond in either an ikonic or a concrete symbolic mode, 
or a combination of both, and to represent the patterns in the most suitable way for this, the tasks 
were presented in three different formats. These formats are consistent with the multiple modes of 
processing suggested by other researchers and described earlier in this paper: 



. (i) concrete modelling, in which a representation of the 

pattern was made from blocks or other materials, to cater for the kinaesthetic learners, 

(ii) diagram, to cater for the visual-pictorial learners, 

(iii) word description, presented both verbally and in 
writing, to cater for the verbal-logical learners. 



In order to ensure that the format in which the experimenter presented the task was not likely to 
influence the student’s form of representing it, the tasks were presented in a cyclic rotation of 
formats, as shown in Table 1. To ensure an even distribution of the three modes across the first, 
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second and third tasks respectively, the sequence in which the tasks were presented was held 
constant. 



Table 1 : Formats in which tasks were presented 



Tasks 








Maich 




Path 




concrete 


diagram 


verbal 


Students 1, 4, 
7. 10 etc. 


diagram 


verbal 


concrete 


Students 2, 5, 
8. 11 etc. 


verbal 


concrete 


diagram 


Students 3, 6, 
9, 12 etc. 



Procedure 



The sample consisted of 40 Year 7 students, in their first year of secondary school and aged 
12 and 13 years. There were equal numbers of males and females. The students were selected 
randomly from several classes from a population described by their teachers as being of average 
ability. Data were collected in individual clinical interviews, each of approximately twenty to thirty 
minutes duration. Observation and Teachback (Pask 1976) strategies were used to monitor the 
students' responses and interviews were tape-recorded for later analysis. The students were given 
the tasks one at a time. Students were shown the patterns and asked to identify the fifth, tenth and 
100th terms in the sequence (Orton and Orton, 1994). They were given a selection of materials, 
including matches, blocks, squared paper and blank paper, and told that they could represent any 
steps of the patterns in whatever way they chose. They were then asked to describe the pattern and a 
generalisation for "any term". It has been reported elsewhere (Robertson and Taplin, 1994) that the 
most frequently chosen format of representation was concrete modelling. This was irrespective of the 
format in which the task was presented. Robertson and Taplin (1994) also reported that the main 
reason given by the students for this preference was that it gave a physical picture of the pattern that 
was quick and easy to construct. 

Results 

Table 2 summarises the formats in which the students represented the match task, and their 
attempts at forming generalisations. Because the study reported here was a pilot investigation, the 
consequent small number of students in each cell necessitates that the analyses be descriptive. The 
match task has been chosen for discussion here because the patterns represented in Table 2 are very 
similar to those formed from students' responses to the other two tasks. Details of responses to these 
latter tasks are available from the authors. 

Responses of two of the children, who were unable to generate correct rules for the pattern, 
indicated only a pre-structural understanding. One child, for example, could only describe the tenth 
term of the sequence as "a long straight line". Three children counted the number of squares, which 
matched directly to the step number, and ignored the number of matches in the pattern. Ten children 





3 — 45 



53 



relied on constructing the sequence to the tenth term and directly counting the matches. Four others 
chose to count on in multiples of four, since they assumed that each square had four sides. None of 
the children who used these strategies chose to continue with this "counting on" method to the 
hundredth term and, understandably, none could predict a rule for "any" term. The "counting on" 
group of strategies has been classified as unistructural because each of the variations uses only one 
relevant aspect of the mode, namely the number of blocks or matches they could see. 

A more sophisticated strategy was to look for patterns. The simplest of these, most likely 
based on the children’s previous experiences, was to construct the fifth step and then use multiples of 
it. The justification behind this was that, since 10 is 5 doubled, the tenth term must be double the 
fifth term. Four children used this strategy. The second strategy in this category was slightly more 
sophisticated. Seven children recognised that the first square contained four matches and that each 
subsequent one required only an additional three. These children were, however, only able to reach 
the tenth or hundredth terms by adding on from the first term. Although there is a clear progression 
in the sophistication of the responses in this category, they have both been classified as 
multistructural because several disjoint aspects are processed in some kind of sequence. 

Ten students were able to form generalisations, although nobody was able to express them in 
algebraic terms. It is interesting to note that these were not all correct, despite the fact that the children 
were demonstrating quite a sophisticated level of reasoning. Two explanations came close to 
predicting general terms. One of these, 'The amount of how many squares, times 3 and add 4" 
actually predicted the (N+l)th term rather than the Nth. Another explanation, "There are four ends to 
a square so you have to times it by the number for the step and then take away that number", gave the 
Nth term + 1 . An example of a more accurate explanation was, 'Take l off the number and times 
that by 3 than add the 4 at the beginning". The eight students who used this latter type of strategy 
were not only able to predict the Nth term correctly, they were also able to test their predictions by 
calculating specific examples. These responses have all been classified as relational because they 

t 

reflect an integrated understanding of the relationships between the different aspects of the task. 

While this analysis deals only with one phase in the process of generalising from patterns, 
namely pattern recognition, it is clear that there is a progression in sophistication of the students' 
responses. This progression is summarised in Table 2. The majority of students used either 
"counting on" or "looking for patterns" strategies and were unable to obtain successful 
generalisations using these. Table 2 also summarises the numbers of students who represented the 
pattern in various ways. For example, at the unistructural level, seven students needed to make a 
physical model of, and four students needed to draw a diagram of; at least the fifth step before they 
were able to recognise and work from a pattern. At this level, four students gave a verbal-logical 
response rather than making any external representation of the task. Even as the responses became 
more sophisticated, at least some students still chose to model the sequence in order to explore the 
rules, rather than to use diagrams or verbal descriptions. 
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Table 2: Summary of students’ responses to 
match task 



Type of Response 


SOLO Classification 


No. 

Students 


Way in which Ss represented 
task 








Model 


Diagram 


Verbal 


no particular system 


pre -structural i 


2 


2 


0 


0 


counting on: 


unistructural i 


15 


7 


4 


4 


one-to-one matching: "every 
number you say there has to be 
that number [of squares) in the 
group" 

counting matches in 
representation (could not 
doIOOth) 

counting on by 4s (ie 5th=5x4 
10th=10x4 ) or 3s 


ii 


2 


0 


1 


1 


looking for patterns which are 
logical to Ss, possibly based on 
previous experiences: 

based on multiples of 5th step (ie 
5th has 16, 10th has 16x2, 100th 
has lOthxlO) 

starting at 4 and adding 3 for each 

step but adding from 

start each time (i.e. 4+3+3+3...) 


multistructural i 


11 


5 


3 


3 


recognition of a generalisation 
(not expressed algebraically): 


relational i 


2 


2 


0 


0 


3N+I 

3N+4 

4N-N 

3(N-ll+4 


ii 


8* 


6 


1 


1 



i Ss who responded at this level and had incorrect generalisation 

ii Ss who responded at this level and had correct generalisation 

* two of these Ss could successfully predict any step number, but would not articulate the rule 



Discussio n 

In response to the research questions outlined earlier in this paper, the following observations 
can be made. The results can only be interpreted for the small grade 7 sample and the three spatial 
patterning tasks used in this study. There does, however, seem to be an observable progression in 
the children’s ability to recognise generalisations from their representations of spatial patterns, which 
fits the SOLO model. This sequence can be summarised as follows: 



Unistructurol : counting on, mostly from external representations of the pattern; counting in either 
ones or a multiple of some number suggested by the pattern. 

Mult [structural: recognition of patterns and use of these as a basis for finding specific terms in the 
pattern; starting from first term of pattern each time in order to calculate a given term. 
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Relational: recognition of patterns and use of these to predict any given term directly, without 
needing to start from first term; articulation of generalisation, but not in algebraic terms. 

The unistructural type of response was efficient for calculating the fifth and tenth terms of the 
patterns, but students either lost patience or made arithmetic errors when trying to calculate bigger 
terms, such as the hundredth. It was not possible for the students operating at this level to make 
generalisations about the patterns. Responses at the multistructural level offered more efficient 
systems for calculating bigger terms, but most students were still unable to generalise using these 
approaches. The relational level responses allowed a more efficient system for generalising. 
However, several of the children responding at this level gave incorrect formulae and did not seem to 
have systems for checking the validity of these formulae. 

The above suggests a unistructural-multistructural-relational cycle (Campbell et al., 1992) at 
this particular grade level. Responses at the unistructural and multistructural levels are consistent 
with Biggs and Collis' (1982, 1991) description of the ikonic mode, with some concrete symbolic 
support. The students drew on some concrete symbolic experiences with counting and patterning, but 
used intuitive strategies to try to make this previous knowledge fit the patterning tasks they were 
given. At the relational level there is some suggestion of transition to concrete symbolic mode. This 
warrants further investigation with older students to explore when and how the transition develops 
with this particular type of task. 

At all levels of the unistructural-multistructural-relational cycle, more than two-thirds of the 
students chose to either model or draw at least the fifth step of the pattern before they moved to 
working from an internal representation. The design of this study did not allow for distinguishing 
between the functional level at which they chose to represent the task and the optimum level at which 
they were capable of representing it (Lambom and Fischer, 1988), Watson, Collis, Callingham and 
Moritz, 1994). Nevertheless, it could support the idea that teachers should be encouraging modelling 
and drawing (Campbell et al., 1992) as an important step towards efficient mental processing of the 
information. This question warrants further investigation with a larger sample. It also suggests the 
need to continue the study with older students to explore if, when and how they "transcend the 
concreteness of an image or diagram" (Collis et al., 1993, p.l 19). It is also important to explore the 
links between external and internal representations. Some data regarding this were collected in this 
study and their analysis will be the focus of another paper. 

In addition, the findings of this study suggest some further implications for future research. 
One of these is the need to investigate the link between students' representations of spatial patterning 
in these structured algebraic tasks and problem solving in "real" space, such as the interpretation of 
maps, graphs and charts (Bishop, 1983). Another question that arises is the need to consider "non- 
mathematical variables, such as student motivation, work habits, teaching, and language performance 
which could contribute significantly to mathematical performance" (Lean & Clements, 1981, p.296). 
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STUDENTS’ IMAGES OF DECIMAL FRACTIONS 
Kathryn C. Irwin, University of Auckland 



This study explored the images held by 36 students of 10, 11 , and 12 years which related 
to decimal fractions. Some of these images demonstrated an awareness that numerical 
quantity could be continuous, and that decimal fractions represented small quantities. 

Other images indicated that the students saw whole numbers as discrete, with nothing 
coming between 0 and 1, and decimal fractions as \ just a number without a quantitative 
referent. Those students whose images helped them to generalize from a quantitative 
understanding of 0.1 to 0.01 were those who described decimal fractions as proportions, 
those who saw them as rational fractions, and those who used words that described small 
portions. 

Students have more difficulty in understanding decimal fractions than might be expected from the 
logic of this part of the number system* The logic behind this notation is a downward extension of 
the place-value system of whole numbers. In this system a number in each place is one tenth the 
size of the the same number in the place to the right Students’ poor understanding of this system 
has been demonstrated by the errors that they make in ordering decimal fractions (e.g. Resnick, 
Nesher, Leonard, Magone, Omanson, & Peled, 1989) and by the^ predictions of the result of 
operations that include decimal fractions (e.g. Brown, 1981; Weame & Hiebert, 1988). 

These errors indicate that students often deal with decimal fractions as though they were whole 
numbers, or that they deal solely with symbolic features of the notation rather than relating the 
decimal fractions to appropriate quantity. Put another way, many students lack number sense for 
decimal fractions. 

If we are to improve the chances of students developing number sense for decimal fractions, it is 
important to know what concepts they bring to understanding this aspect of number so that teachers 
can help them construct understanding on this base. Relevant to the study reported here is the 
informal or intuitive knowledge that students bring to understanding of fractions as explored by 
Clements and Del Campo (1990) and Mack (1993).. One way of exploring students’ understanding 
of a mathematical field is through asking about the images that they have. Following on from the 
work done by Presmeg in this field (e.g. 1986) Reynolds & Wheatley (1992) claim that for 
mathematics to be meaningful to children it needs to be based on appropriate images. 

The descriptions of images discussed in this paper were provided by students who took part in a 
larger study of understanding of decimal fractions. The students came from schools in multicultural, 
lower economic areas of Auckland. An earlier study had shown that students from these areas made 
less progress in understanding decimal fractions than did students from schools in more affluent 
areas of the city where residents were predominantly of European descent (Britt, Irwin, Ellis, & 
Ritchie 1993). 
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Method 

Thirty- six students were interviewed individually on several aspects of their understanding of 
decimal fractions. The students came from two multicutural schools in lower income areas, where 
students of European descent were in the minority. Past records showed that the students from 
these schools made slower than average progress in mathematics. Three boys and three girls were 
interviewed from each school at each of the ages of 10, 11, and 12 years (mean ages 10 years 5 
months, 1 1 years 5 months and 12 years 7 months). The ethnic background of the children was 
Pacific Islander (Samoan, Niuean, Tongan, Cook Island Maori, and New Caledonian) - 56%, New 
Zealand Maori - 22%, European - 19%, and Indian - 3%. This was similar to the ethnic makeup of 
the school populations. All but one of these students had had the majority of their schooling in New 
Zealand and were fluent in English. The principals of the two schools said that the sample of 
children interviewed was representative of all students in their schools in mathematical achievement 

In the part of the interview reported here students were asked to shut their eyes, think about what 
came between zero and one, and tell the interviewer what picture they saw. This question was asked 
in an attempt to see if they could picture the quantity represented by number as continuous rather 
than discrete, and to see if they had any sense of decimal fractions as coming between zero and one. 
Alternatively their responses could have shown that the students refereed to only symbolic features 
of these numbers, seeing them as symbols without referents. A similar procedure was used for 
discovering their visualization of “zero point one” and “zero point zero one”. Both of these 
questions were asked to see if students had an appropriate quantitative concept of these decimal 
fractions or if they thought of them as either whole numbers or as symbols that did not have 
referents. After their first response to each of these questions, students were asked if they could 
think of any other picture. 

Two other tasks which produced evidence of students’ images arc also referred to in brief. One was 
a task in which students were presented with a piece of paper with a large square on it, told that this 
represented a field, and asked to show how much one person would get if the field were divided 
among 10, 100 and 1000 people. Grids were provided to help them with this division if wanted. 
Responses to this task were compared to responses given to a different set of students who were 
asked to divide up a rectangular cake without the aid of grids. The other task which yielded some 
understanding of students’ images of decimal fractions was one in which they were asked to find 
out, on a calculator, what 0.01 needed to be multiplied by to get the answer 1. 

Results 

Visualization of What Comes Between Zero and One 

Student’s responses to this request for visualization were categorized as shown in Table 1. 
Examples of the types of response in each category are given in the text 
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Category of 
response 


Age 10 


Age 11 




• Number line 


3 


5 


5 


• Plausible 

representations 
other than 
number lines 


2 


0 


0 


• A symbol which 
could be put 
between 0 and 1 


3 


5 


6 


• Nothing comes 
between 0 & 1 


4 


2 


1 



Tabic 1. Number of students giving a response in each category when asked to think of what came 
between 0 and 1. 

The first two categories indicate some quantitative understanding of either numbers or space coming 
between zero and one or that zero and one were part of a continuous scale. An interesting result here 
was that the proportion of students in each age group giving an answer in these categories (5 out of 
12) did not differ for ages 10, 1 1 and 12. What did change across age was the way in which they 
described what, for this purpose, were misconceptions. Students aged 10 were more likely to say 
that nothing came between zero and one, appearing to be sure that these represented discrete steps, 
while older students were more likely to give an answer which related to symbolic or syntactic 
features of numerical representation which could be said to ignore both their discrete and continuous 
nature. 



The one difference between students from the two different schools appeared on this task. All of the 
12-year-old students who offered a number-line representation came from the same school, while 
students from the other school predominantly thought of a symbol as coming between zero and one. 
Although this could be a random effect, it could also have been the result of teaching. The students 
visualizing number lines came from three different classes in the same school, but were their 
teachers did some of their planning together. 

Most of the responses scored as number lines were given in terms of fractions. The simplest of 
these was that 1/2 came between 0 and 1. The next level of complexity was to add 1/4 to this 
number line before 1/2. Of the 12-year-olds who drew number lines, three used decimal divisions, 
one used fractions, and one mixed fractions and decimals incorrectly, first writing 
1/4 1/2 3/4 
and then writing: 

0 0.1 1/4 0.01 1/2 0.001 3/4 1 



This confusion of how decimal fractions fit into the number line was also demonstrated by an 11- 
y car-old who drew the following number line: 

0, lths, lOths, lOOths, lOOOths, 1 
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The 12-year-olds who drew number lines with decimal fractions all displayed an understanding of 
the placement of decimals fractions with a different number of decimal places. Examples were: 



a) 0 
0.1 
0.2 
0.3 



b) 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1 



A 



.01 

.001 



0.4 

0.5 <0 - 42 
0.5 
0.6 
0.7 
0.8 
0.9 
1 



Figure 1: Number lines drawn by two 12-year-old students that indicated understanding of the 
placement of decimal fractions of different sizes 

The following excerpts are from the transcripts of the two students who gave non-number line 
responses that indicated an understanding of something coming between zero and one: 

Interviewer Next shut your eyes tight and / want you to think about everything that comes 
between zero and one. Can you get a picture of what comes between zero and one? 



/ Tell me what your picture is like. 

M A baby that's not quite one, not newly born, it’s about three months old . 

I That’s good, could you draw that in any way or write it down? 

M Yip . 

/ Any other pictures in your mind? 

M Some lollies that are only sixty five cents, not quite one dollar and they’re not free . 



/. Let’s do something different. Shut your eyes and think of everything that comes between zero 
and one . See if you can get a picture. What comes between zero and one? Can you tell me? 
H Um, l think it’s um centimeters . There’s a zero and then there’s a, there's a zero and then 
there’s a centimeter 
/ You write it down. 

H See, there’s a zeros here and then you start centimeters here and then it’s one, oh, 

[draws 0 cm 1 2 3 4 5 6 7 8] 

/ Ok, where do you see it like that? 

H On a ruler 



Of the students who drew symbols as coming between 0 and 1, three used operation signs (e.g, 
0+1), and the rest said that the decimal point came between 0 and 1 (0.1). It was not possible to get 
an additional response from students who gave 0.1 as their visualization. That was all that they 
saw. There was a possibility that the response ‘a decimal point* was influenced by the design of the 
interview, as all students had previously been asked what they knew about decimals and had been 
asked to put decimals of different magnitude in order by size. 



M Yes. 
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The belief that nothing came between 0 and 1 was also apparent in the answers of several students in 
another portion of the interview when they were trying to guess what 0.01 needed to be multiplied 
by on the calculator to get the answer 1. These students said that of their various guesses, 0 was 
closer to 1 than was .01, .0001, or other small decimal fractions. 

Visualization of Zero Point One 

Students were next asked what picture they could get for zero point one, and their responses were 
categorized as shown in Table 2. Visualization of a quantity represented by 0.1 did increase with 
age. Answers that indicated some understanding of the quantity for 0. 1 were given by two of the 
10-years olds, six of 1 1 -year-olds, and seven of the 12-year-old students. There was no difference 
between the schools on this task. 



Category of response 


Age 10 





Sim 


• Verbal indication of 
quantity e.g.“a 
small bit” 


0 


0 


4 


• Fraction equivalent 


1 


6 


2 


• One part in 10 


1 


0 


1 


• Just a number / 
same as 1 


6 


1 


1 


• Don’t know / no 
picture 


4 


3 


3 


• Other, apparendy 
not accurate 


0 


2 


1 



Table 2. Number of children giving different categories of responses when asked to visualize 0.1. 



The first three categories in this table indicated a sense of the quantity represented by 0.1. While 
four of the 12-year-olds gave the concept of quantity in verbal terms, such as “just a small bit”, the 
1 1 -year-old students were more likely to give or draw the fraction equivalent. Two 11 -year-old 
students drew pie diagrams and shaded in one of ten portions, but used the word “half’ in their 
explanation to mean a piece. The 1 0-year-old student whose response was categorized as one part in 
ten said that his mother had taught him, and explained in detail how a chocolate bar could be divided 
amongst 10 people and 0.1 would be his bit The portion of students who said that 0.1 was just a 
number decreased as the age groups increased. Those who did not have a quantitative concept for 
0.1 had all been dealing with decimal notation in the earlier part of the interview and had been 
introduced to it in at least one context at school. 



Visualization of Zero Point Zero One 

The same categories used in Table 2 were appropriate for classifying students’ responses to this 
item. Indicating what 0.01 meant was more difficult than giving a quantity for 0.1. The proportion 
of students of 10, 1 1 and 12 giving quantitative responses for 0.01 were 1 of 12, 6 of 12 and 3 of 
12 respectively. 
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Category of response 


— xsns 


Ageii 


SiTR 


• Verbal indication of 
quantity e.g.“a very 
small bit” 


0 


0 


2 


• Fraction equivalent, 
spoken or drawn 


0 


6 


1 


• One part in 100 


1 


0 


0 


• Somewhere between 
0& 1 


1 


0 


1 


• Just a number /same 
as 100 


2 


2 


4 


• Don’t know /no 
picture 


8 


3 


3 


• Other, apparently 
not accurate 


0 


1 


1 



Table 3. Number of children giving different categories of response when asked to visualize 0.01. 



It was surprising that more 1 1-year olds than 12-year-olds gave quantitative responses on this task. 
It appeared that the 12- year-olds had less confidence that their understanding of fractions was 
relevant to understanding a decimal in the hundredths. Several who had given a reasonable response 
for 0.1 indicated that they had no idea what 0.01 meant 



There were three groups of students who were able to generalize from their statement of what 0. 1 
meant to a meaning for 0.01. One was the 10-year-old taught by his mother who went from his 
proportional explanation of one part in 10 to an explanation one part in 100. Another Was the group 
of 1 1 -year-old students who explained decimals in terms of their fractional equivalents. The third 
group were 12-year-olds who intensified their verbal description of size, for example saying that 0.1 
was a small amount, and 0.01 was “more smaller” (the student who was not fluent in English). 



One student presented an interesting pair of responses for representations for 0.1 and 0.01, as 
shown below. While these responses were considered to indicate a surface understanding of these 
numbers rather than a quantitative one, they gave insight into the sense that he was trying to make of 
place value. 

I Up here we got an answer called zero point one, what does that mean to you? Can you 
get a picture for that?... 

G That’s the middle of the two, it goes one, two, three, four, five, six, seven, eight and like 
that, the other one that goes like one two, three, four, five, six, seven, eight, 

I So write that down for me, so / can see what you mean. 

G ( writes starting from the right of the decimal point:) 

43210.01234 

I What about zero point zero one, what does that mean ? 

G The zero is the middle to zero and tens. So it would go, zero, it would go ten, twenty, 
thirty, forty, fifty, sixty that way and it would go ten, twenty, thirty, forty, fifty, sixty that 
way. 

K Write that down. Write it over here. 

G (writes) 5040302010.1020304050 
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Other Representations 

In a previous series of interviews, similar students of the ages of 8, 10, 12, and 14 had been asked 
to show how they would divide a rectangular cake so that 10 people could have the same amount 
each, and how one of those pieces could be further divided to provide enough for 10, making 100 
pieces in all. All students of 10 and older could do this task. However, many of them took a 
considerable amount of time to do it because they started out by showing a rectangle cut in half, then 
halved again and again, giving eight pieces. They saw that this did not give the right number of 
pieces, and continued to work on their drawings until they finally found a way of making 10 pieces. 
Their initial attempts at division by halving suggest that this was their preferred method of division 
and initially interfered with their ability to make divisions by 10 as required for a number sense of 
decimal fractions. The 36 students in the later series of interviews were given a task that was 
thought to be similar but turned out not to be. In this task the students were asked to show how 
much of a field one person would get if it was divided among 10, 100, and 1000 people and offered 
a variety of grids to help with the task. They were less successful on this task than similar students 
had been on the freehand task. Two types of responses indicated their images of the result of 
division by ten, a concept closely allied to decimal fractions. One response shown by several 
students was representing a piece one tenth the size of the previous division by halving the last 
division. The division by 1000 was drawn as 1/2 the size of the division by 100 by 17%, 42% and 
33% of the 10, 1 1 and 12-year-old students. Another observed response was that students preferred 
to draw all divisions as of similar shapes, either all long strips or all squares, although the simplest 
method using the grids provided would have been to use a strip for lOths, a square for.lOOths, and a 
strip for lOOOths. This would be the 2-dimensional representation closest to the representation in 
Dienes blocks. The fact that many students did not chose this representation is interesting in the 
light of the fact that all would have had extensive experience with Dienes blocks, but did not chose 
this method of representation for their own drawings. 

Discussion 

No teachers in multicultural classrooms share the culture of all their students. Teachers must make a 
special effort to understand the concepts that their students come with if they are to help them 
construct a quantitative understanding of decimal fractions, a point emphasized by Mack (1993). 
Teaching without reference to these concepts is likely to lead to some of the misconceptions that 
concern mathematics educators. The fact that fewer of the 12-year-old students than the 1 1 -year-old 
students in the this study had a quantitative understanding of hundredths may have been the result of 
emphasizing the procedures rather than the meaning in teaching students to operate with decimals. 
Teachers with whom these results were discussed were not surprised to learn that some students did 
not think that anything came between zero and one or did not give a quantitative description of 
decimal fractions. However, few teachers had introduced this topic through exploring continuous 
quantity. 



O 3 — 56 




Advisers for this project had expected students to have a better understanding of decimal fractions 
written in place- value notation than they had of rational fractions, because of recent changes in the 
curriculum and the widespread use of calculators. This was not the case. Understanding of 
fractional division by powers of 2 was more widespread than understanding of divisions by 10. 
This repeated division by 2 is related to early concepts of fractions described by Clements & Del 
Campo (1990) and Hart (1981), and is reinforced by folding paper to show fractional parts. With 
this group of children it was also reinforced by a tendency to call parts of any size “a half*. This 
was more common in the previous series of interviews than in the data reported here. This 
phenomenon is familiar to parents of young children who talk about “the bigger half*. It is apparent 
in mature people of Pacific Island descent who use the word half, or its transliteration “afa**, to rrean 
a part of any size. This linguistic influence can mislead teachers and interviewers, but in the data 
reported here needs to be separated from the ability to draw an object divided into 10 equal portions, 
even if one of these portions is called a half. 



These students showed some evidence that it was harder for them for understand hundredths than 
tenths. A similar result was found by Brown (1981) and Britt, Irwin, Ellis & Ritchie (1993). This 
may be the effect of teaching which emphasises discrete divisions into tenths rather than teaching 
place value for decimal fractions as an extension of whole number place value. This potential 
difficulty was overcome by those students who had a concept for the size of tenths which they could 
generalize to hundredths. The three types of successful generalization given in this report suggest 
concepts which a teacher could exploit to help their students build a meaningful understanding of 
decimal fractions. 
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PREFERENCE FOR VISUAL METHODS: 
AN INTERNATIONAL STUDY 



Norma C. Presmeg 
The Florida State University 
Christer Bergsten 
Linktiping University 



There have been assertions in recent literature on visualization that students 
are reluctant to visualize when doing mathematics, particularly at the high 
school and college levels. While there is research evidence that in the 
classes of ‘ nonvisual ’ teachers even * visual ' students will suppress their 
preferred visual cognitive modes in favor of nonvisual methods used by their 
teachers, our data show that it is simplistic to claim that students are 
reluctant to visualize. In the present international study , the same instrument 
for measuring preference for visual methods in solving nonroutine 
mathematical problems was administered to students in three countries, 

South Africa, Sweden and the United States. Some results are analyzed here . 

Are students reluctant to visualize when they do mathematics? This claim 
was made by Eisenberg and Dreyfus (1991), and in 1994 Eisenberg wrote, “A vast 
majority of students do not like thinking in terms of pictures - and their dislike is 
well documneted in the literature” ( p . 110). He went on to cite calculus studies by 
Mundy, by Dick and by Vinner in which students showed “a definite bias toward an 
algebraic approach even when it was more difficult than the visual one” (p. 1 1 1 ). He 
also described Clements’ study of Terence Tao, a mathematically precocious 
Australian who preferred not to visualize in doing mathematics, and used this study 
as evidence that t4 the tendency to avoid visualization exists even in the 
mathematically precocious” (ibid ). 

We suggest that the studies cited by Eisenberg admit of other interpretations 
than the one he has given. While it is certainly the case that students of all 
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preferences may avoid visualization wfteirthis has not been encouraged as ‘good 
mathematical thinking’ in the classroom (Presmeg, 1985), recent research by 
Wheatley and Brown (1994) shows convincingly that far from being reluctant to 
visualize, many students use their visualizations as a tool for meaning-making in 
mathematics. Presmeg’s (1985) study suggests that much of the visualizing done by 
students is of a private nature: their imagery may not be apparent in written 
protocols. 

Further, the study by Clements of Terence Tao’s mathematical cognition is 
quite consistent with Krutetskii’s (1976) model grounded in extensive case studies 
of many mathematically gifted students. Krutetskii described representatives of each 
of his categories or types of mathematical giftedness, which were based on students’ 
ability to use, and preference for, visual methods. Students who have the ability to 
use visual methods may prefer not to, and the various combinations led to 
Krutetskii’s classification into “analytic” and “geometric” categories, and two 
subtypes of “harmonic” in which verbal-logic and visual-pictorial components are in 
equilibrium (Krutetskii, 1976, chapter 16). Like Sonia L. (“abstract-harmonic”) but 
unlike Volodya L. (“pictorial-harmonic”), Terence Tao would probably have been 
placed in the “harmonic” category based on his abilities - or in the “analytic” 
category which evidences “a weak development of the visual-pictorial component” 
(Krutetskii, 1976, p. 318). However, Krutetskii also found no difficulty in 
identifying gifted students with the strong visual-spatial abilities and preferences 
characteristic of his “geometric” category. 

Further, in the research reported here we describe evidence from three 
countries that individual students vary greatly in their preferences for visualization in 
mathematics. Certainly, visualization may be downplayed or devalued in certain 
classrooms or systems - leading some students to believe that visualization is not 
mathematics - but apparently there is no dearth of visualizers ‘out there’. Given the 
opportunity, these individuals prefer to visualize in mathematics. 
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The Mathematical Processing Instrument 

Complete details of the development of the visuality preference instrument we 
used in our research are given in Presmeg (1985), where definitions of terms are 
also provided. Suffice it to say here that we take a visual image to be a mental 
construct depicting visual or spatial information, and visualization to be the process 
of constructing or using visual images, with or without diagrams, figures or 
graphics. 

The Mathematical Processing Instrument (MPI) measures preference for 
visualization, rather than ability, because of the strong research evidence that 
students who are able to use visual methods may or may not prefer to do so (e g., 
Krutetskii, 1976). The MPI was designed for use with grade 1 1 students and their 
mathematics teachers (in a system with 12 grades). A previous instrument by the 
same name, designed by Suwarsono (1982) for grade 7 Australian students, was not 
suitable for use with mathematics teachers, although 13 of his more difficult 
problems were retained. Distilled from more than 300 nonroutine problems, the 
remaining 1 1 problems were drawn from a problem bank of more than 100 problems 
each of which could be solved by visual and by nonvisual methods. No diagram was 
present in any of the problems, since this might pre-empt visual methods. As in 
Suwarsono’s instrument, a test and questionnaire were used. After students or 
teachers had completed the problems in the sections designed for them (A and B for 
students, B and C for teachers), they were asked to select a solution from the three 
to six given for each problem, which was “close” to the solution they had used, or to 
check a box entitled “none of these” and to describe their method. After three 
fieldtests involving several hundred students and teachers, most “new” solutions 
were catered for. According to their individually preferred methods of solution, 
students and teachers each solved 24 problems, as set out in the following table. 
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Number of 



Level of 



problems 
Section A 6 

Section B 1 2 

Section C 6 

Nonparametric statistics were used to establish construct validity and 
reliability in the initial three fieldtests,(in Cambridge, England, and in Durban, South 
Africa) and construct validity in Sweden and the U S A. Data from 342 South 
African students yielded a Spearman split-half reliability coefficient, adjusted by the 
Spearman-Brown formula, of 0.827. For construct validity, based on interviews 
with approximately 20% of the students in each country, randomly chosen, 
Spearman rank-order correlation coefficients between interview and questionnaire 
scores were as follows: 

South Africa Sweden U.S.A. 

Spearman's r 0.67 0.71 0.71 

Total N 342 106 74 

Scoring of the MPI was done by assigning 2 points for a visual solution, 0 for 
a nonvisual solution, and 1 point (occasionally needed) if the student checked “none 
of these” or if the item was omitted. Thus for a total of 18 problems, the possible 
Mathematical Visuality (MV) score was 36. 

Sample Items from the MPI 

For each of the 24 problems in the test, from three to six different solutions 
were given, worked out in detail, in the questionnaire. The following are sample 
items from the test, one from each section. (The number of solutions in the 
questionnaire for that item is given in parentheses.) 



Designed 
for difficulty 

students easy 

students & teachers intermediate 
teachers difficult 
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A-2 (6 solutions). Altogether there are eight tables in a house. Some of them have 
four legs and the others have three legs. Altogether they have 27 legs. How 
many tables are there with four legs? 

B-10 (4 solutions). If you place a cheese on a pan of a scale and three quarters of a 
cheese and a three quarter kilogram weight on the other, the pans balance. 
How much does a cheese weigh? 

C-5 (6 solutions). Two candles have different lengths and thicknesses. The long one 
can burn three and a half hours, the short one five hours. After burning for 
two hours, the candles are equal in length. What was the ratio of the short 
candle’s height to the long candle’s height originally? 



Typical nonvisual and visual solutions to problem C-5 

Nonvisual. I reasoned from the data given. After two hours, fraction of tall candle 
used up was four-sevenths; thus three-sevenths remained. At this time, 
fraction of short candle used up was two-fifths; thus three-fifths remained. 
But these heights were equal. Thus three-sevenths of the length of the tall 
candle equals three-fifths of the length of the short candle. Thus the required 
ratio is 5 : 7. 



Visual. 



After two hours 



It can be seen from the 
diagram that the required 
ratio is 5 : 7. 



Data from Three Countries 

As an economical way of displaying our data, we include the following chart 
which shows the frequency distributions of scores from the MPI in the three 
countries. In Sweden a Swedish translation was used. All students were in grade 1 1 
or equivalent at the time of the administration of the instrument. 
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FREQUENCY DISTRIBUTION OF MATHEMATICAL VISUAUTY 
SCORES 
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Comparison and Discussion 

While there are certainly visualizers amongst our mathematics students in all 
three countries, i.e., students who arc not reluctant to visualize, there are some 
intriguing patterns in the international comparison which call for qualitative research 
to explore issues such as those raised by Eisenberg. The South African study of 
visualization was qualitative and involved in-depth interviews with students and 
teachers, and observation in mathematics classrooms over an extended period. This 
component was missing (or rather, has not yet been carried out) in the other two 
countries. 

Of a possible mathematical visuality (MV) score of 36, the median scores of 
students in South Africa* Sweden and the U S A. were respectively 18, 14, and 20. 
In the South African data, there was no significant difference between median 
scores of boys and girls (20 and 1 8 respectively). However, the Swedish boys and 
girls had median scores of 12 and 16 respectively, reversing the literature prediction 
of higher visuality scores for boys, which we found in the American data in which 
boys and girls had median scores of 22 and 16 respectively - a significant difference 
according to the median test (x 2 = 4.849, df = 1, signif. P<0.025). The median 
scores are summarized as follows. (Numbers of students are in parentheses.) 



Medians 


South Africa 


Sweden 


U.S.A. 


Boys 


20(217) 


12(66) 


22(40) 


Girls 


18(125) 


16(40) 


16(33) 


All 


18(342) 


14(106) 


20(73) 



Without qualitative research to suggest possible explanations for these 
international differences, we can but guess that the much lower median MV score 
for the Swedish students may have something to do with the fact that they are 
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enrolled at a Science and Technology school, while the South African and American 
schools were of general intake. Qualitative research in Swedish schools could shed 
light on this issue. In the South African project, the visuality instrument (MPI) was 
effective for its purpose of choosing students and teachers for the study, but some of 
the richness of individual visualization, and student-teacher interaction in this 
regard, was fathomed in the qualitative part of the research. 
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VISUALIZATION AS A RELATION OF IMAGES 
Alejandro Solano Norma C. Presmeg 

Florida State University Florida State University 

The purpose of this research was to construct explanations of students * learning 
dynamics that involve the use of imagery. Participants of this research are 
undergraduate mathematics education majors. This paper focuses on how participants 
used images and how they used relationships amongst these images (defined in this paper 
as visualization) while making sense of new geometrical tasks. 

Background of the Study 

In an effort to become more knowledgeable about how to build on the strengths of 
students' existing imagery and spatial visualization, for the ultimate purpose of improving 
both research and instruction in this area, this research was designed. The value of this 
research is based in the need to learn about specific cognitive constructions that students 
make at different levels while they are learning geometry. The participants in this study 
were a group of students enrolled in an informal geometry course for undergraduate 
mathematics education majors. 

The purpose of the research is to construct explanations of situations where 
students are engaged in geometrical activities that were specifically designed by one of the 
researchers to facilitate the use of relation of images. However, participating students 
could approach the tasks in a manner consistent with tl)6ir own sense making, whether this 
involved visualization or not. 

Significant research has been reported in the area of geometry, and, more 
specifically, in the area of visualization and imagery (Shepard, 1978; Bishop, 1980b; 
Presmeg, 1986a; Presmeg, 1986b, Brown and Wheatley, 1989; and Wheatley, Brown, and 
Solano, 1994), however, the present study focuses on students’ processes of sense making 
during engagement in geometrical tasks. 

Theoretical Framework 

Current emphasis in mathematics education is being placed more and more on 
student experience, analytical thinking, and creativity (National Council of Teachers of 
Mathematics [NCTM], 1989; National Research Council [NRC], 1989; Everybody 
Counts, 1989). Many of these recommendations can best be understood from a 
constructivist perspective. And so, in the conduct of this research a constructivist 
framework (von Giasersfeld, 1987) was used. From this perspective, mathematics should 
be viewed not as a body of knowledge but as a construction of knowledge. 




3 — 66 



Various constructivist proponents embrace the belief that knowledge construction 
is a personal event that results from the interaction of the individual with objects or 
phenomena occurring in a social context (von Glasersfel, 1989; Wheatley, 1991). This 
framework helped the researchers to make decisions about the nature of activities used in 
data collection, how those activities were conducted, and the nature of explanations 
constructed during data interpretation. 

Another important part of the framework was a set of definitions, negotiated 
between the investigators, that are defined as follows. 

Image: Image was defined as a mental construction of an object created by the mind 
through the use of one or more senses, where the mind plays an active role (i.e., rotating, 
translating, and transforming the image). Viewing an image in this manner, the mind is the 
protagonist, playing the principal role. Indeed when we say "picture in the mind," we 
may not think of the mind as having an active role for the uses of images as mental 
symbols of reality that can be used to solve a problem. Rather we may think of "picture in 
the mind" as a "fixed image" placed in the mind, nothing more - a view of imagery wluch 
we wished to avoid. 

Vis ualizatiQn; Although visualization is often referred to as the ability to mentally rotate, 
manipulate, slide, and transform an object (Shepard, 1978), in this research, visualization 
was defined as the relationship among images. We claim that the process of establishing 
these relationships is what we would call logical thinking. In other words, in order to 
visualize there is a need to create many images (i.e., more than a prototype image (Lakoflf, 
1987)) to construct relationships that will facilitate visualization.and reasoning. 

Imagery: Imagery was defined as a collection of one of more images. The power of 
imagery is that it may result in visualization that would help students create links which 
facilitate meaning-making in learning geometry, as our data illustrate. 

Methodology and Procedures 

The emphasis of the research is on how students create imagery and how they use ' 
it in the process of making sense of geometrical situations, thus a qualitative research 
methodology is viable, which precisely highlights the process rather than isolated events or 
happenings. In fact, the qualitative emphasis on process has been particularly beneficial in 
educational research (Bogdan and Biklen, 1992), which supports our choice of 
methodology. 

The assumptions guiding this research were essentially taken from an interpretive 
perspective (Erickson, 1986). Various techniques were used to collect data. The main 
strategies included participant observations, and video recordings of participant's building 
of three dimensional solids, and of formal and informal interviews. Two groups were 
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given voice in this research - participant students and the researchers. Four students from 
the course MAE 4816 Elements of Geometry were selected with their willingness to 
participate in the research. The main criteria for selection of participants were based on a 
preliminary analysis of the scores of the instruments that were administered at the 
beginning of the semester to this class. These instruments were: the Mathematical 
Processing Instrument [MP1] developed by Presmeg in 1985, The Wheatley Spatial Ability 
Test [WSAT], and the Visualization of Rotations Test [VRT] designed by Guay in 1976. 
At the beginning of the semester these instruments were proctored by the researchers, one 
of whom was the instructor of the class. 

Each participant student was interviewed individually four times throughout the 
semester with each session video recorded. In order to gain information about students' 
process of sense making while engaged in geometrical situations, two instruments were 
given to the students during the interviews. Students were asked to talk aloud as they 
were solving the tasks. In addition, both the researchers and the participant had the 
opportunity to interact and ask for either clarifications or explanations during the 
interview, as needed. These two instruments. Dynamic Imagery Instrument A and 
Dynamic Imagery Instrument B were developed by Solano in 1994, as part of the 
research activities. These instruments were designed with the intention of providing rich 
opportunities for the use of imagery and visualization. 

Findings 

In this paper, only a limited set of explanations will be described. Marc, one of the 
participants, will be the focus of the findings reported, but when necessary, one other 
participant’s elaborations will be provided to support or shed light on the findings 
reported. Reported findings represent only a small part of the analysis and interpretation, 
thus in this paper only data using the first instrument (Dynamic Imagery Instrument A) are 
used as evidence to support our interpretations.. 

For the following explanations, the reader will need to refer to Instrument A (see 
Appendix A). When Marc attempted to solve the first task (on Instrument A) he saw the 
problem and immediately responded, "it is one half of the square because these are two 
[talking about the two shaded regions] halves of the middle triangle" that he described as 
an isosceles triangle. To Marc this isosceles triangle was formed by the two black 
triangles since E is the midpoint of side AB, therefore A AED and A BEC are congruent 
and when put together we get A DEC. A different participant, Anna, made sense of the 
same task in a different manner but she evidenced once more that the use of imagery and 
the relationships constructed among these images were not only of high quality but also 
they made possible her success in solving the task. Her rationale was " if I draw an 
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altitude for A DEC, then each of the triangles A DAE and A CBE are one half of half of 
the square, thus the shaded region must be V 2 of the area of the square." 

The main basis for the explanations that Marc constructed about the tasks 2, 3, 4, 

5, 6, and 7, was an image of a diamond (that he introduced to help him making sense of 
the tasks). He used subsequent images along with this one plus relationships amongst 
these images to make sense of new tasks. The role of imagery in this case was a dynamic 
one. In addition, his visualization was powerful during the process of making sense of a 
new task. Following are a few examples to support this assertion. 

In the second task Marc identified a shape he called "a diamond," and said, "it is 
also one half, since we have a diamond in the middle, another diamond if we put together 
the half to the left and right sides of the square, so we have two unshaded diamonds plus 
two more formed if we put together the shaded triangles with sides AE with DG and EB 
with GC." It was an interesting construction that Marc made, his use of imagery was very 
dynamic and the transformations he made were quite sophisticated. He added, " since I 
have four congruent diamonds, two shaded and two unshaded, therefore the area of the 
shaded ones is Vi of the area of the square." Marc used his knowledge from task number 2 
to inform his construction on task number 3 , thus his answer to that task was '/* of the 
area of the square. When he saw task 4, he immediately turned the page sidewise, since he 
already had seen the previous picture from which he knew that a diamond had an area of 
14 of the area of the square. Similarly, he made sense of tasks 5, 6, and 7. 

Contrasting with Marc’s approach to task 2, 3, 4, 5, 6, and 7, Anna approached 
the same tasks using her knowledge from task 1 . The relationships of images continued 
being the focus for further constructions [and so her constructions were somehow knotted 
one into the next]. For instance, she transformed the square given in task 2 into four 
congruent squares and thus she came up with a representation of four squares similar to 
the one in task 1 . The shaded regions were the opposite of the ones in task 1 ; however 
that did not interfere with her sense making of task 2. In fact, she said, "in each square I 
have one half of a fourth [meaning that each little square she constructed in task 2 has an 
area of V* of the total square] shaded, therefore my overall area in the whole square (of 
task 2) is 4/8, which is one half of the area of the big square." Similar explanations were 
provided by Anna in tasks 3 through 12. Marc and Anna had used rich images and 
relationships among these images to make sense of geometrical situations, however the 
images used by each of them were different in nature. But that event did not stop them 
from being successful in their solutions. 

A different process was followed by Marc while making sense of task number 8. 
The first action he took was to draw a line parallel to the base of the square (DC) through 
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the point F, and he said, " this is more than one fourth and less than one half' [referring to 
half of the square]. He explained, "because if you take this triangle [pointing at the one 
shaded above the line he draw] and slide it down to the A FCG you won't have half." He 
was quiet for few seconds and proceeded, "but this is one fourth" [meaning the right lower 
corner]. After that he realized that the other triangle shaded [the one next to the shaded 
square (lower right corner)] was actually one half of the fourth (1/8) so, he said, "it is 3/8 
of the total area of the square." His approach to solving this problem proved to be a rich 
opportunity for Marc to use and to relate images. 

Somehow surprising was the following finding. Marc had previously constructed 
[in problems 2 through 7] that a diamond has an area of one fourth. Also in problem 8 he 
learned that each corner (formed by triangles similar to A FCG) has an area of 1/8, 
however in problem 16 he was not able to use visualization as "relation of images," thus 
the task became more perplexing. Instead of visualization, he chose an algebraic approach 
which eventually misled him, so instead of getting ’/< his answer was 7/18. In fact, he even 
looked proud when explaining his algebraic thinking process.to get an answer, even 
though he had used dynamic transformations of imagery previously with great success. 

We also found that Marc was more relaxed and confident of his solutions when relying on 
visualization. 

A rather interesting observation of the researchers was that Anna's consistency of 
elaborating on the previous tasks to help her make sense of the following one was very 
useful for her when she reached task 16. The same can not be said of Marc. 



The analysis conducted in this research suggests that imagery and visualization as 
defined and described in this paper play a vital role in the processes used in solving 
mathematical problems. Individuals can profit greatly if they are given opportunities to 
form meanings that assist them in making sense of their mathematics. Based on our 
evidence we conclude that visualization is an important component of this meaning- 
making. 
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COGNITIVE PROCESSING STYLES, STUDENT TALK 
AND MATHEMATICAL MEANING 

Neil Hall 

Faculty of Education 
University of Wollongong, Australia 



This study investigated the impact of simultaneous and successive brain functioning 
processes on Year 4 students ' abilities to complete subtraction problems using multibased 
arithmetic blocks and through written algorithms. This paper discusses the meanings 
these students appeared to make as they completed these subtraction activities, and as they 
talked about these algorithms and materials. 

Brain Functioning 

Simultaneous and successive processing refer to two methods of processing data within the 
brain. The Lurian (1966a, 1966b, 1973) model of cognitive processing is a model of brain- action, an 
information processing model, one concerned with the processes of analysing data in the brain rather 
than with making inferences about intelligence, developed by Luria from his clinical case study work 1 
with brain damaged clients. Luria (1966a, 1966b) regarded simultaneous processing as involving a 
synthesis of separate elements into a coherent whole, where all aspects of the situation are taken into 
account. For example, perception requires simultaneous processing, as does reading and our place 
value number system. Identifying meaningful relationships between a number of concepts and 
applying these concepts together in a problem solving situation also requires simultaneous 
processing. Simultaneous processing occurs then in situations where multi -attributed data are 
involved either from external stimuli or from memory retrieval where earlier patterns of relationships 
are recalled. 

Luria (1966a, 1966b) posited successive processing as temporal, sequential and dependent, 
involving the analysis of data in sequence, of necessity temporally organised, and where data are 
linked serially and cannot be considered together in the one instant. The recognition of a musical tune, 
with notes identified one after the other, is an instance of successive processing, as are finger 
tapping, speaking and writing. Automatised routines and other cognitive activities not requiring 
introspection, for example the arrangement of words in a sentence, or the solving of an arithmetic 
algorithm, are based on successive processing (Kirby & Robinson, 1987). 

Measuring simultaneous and successive processing 

Reliable measures of simultaneous and successive processing have been widely described and 
applied (Das, 1988; Das, Kirby & Jarman, 1975; Kirby & Das, 1977; Kirby & Robinson, 1987; 
Solan, 1987). Examples of measuring instruments include the Number Span test where participants 
listen to a series of from three to ten numbers, then write them in order. The Letter Span and Word 
Span tests are also based on listening then writing. The Shapes test requires participants to select any 
number of five components to make up a given shape, the Paper Folding test involves predicting 
what a piece of paper with holes punched in it, will look like unfolded The Matrix A test requires 
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participants to copy shapes based on a 3 by 3 array of dots where each shape in turn is shown for five 
seconds. 

This model of simultaneous and successive processing has been used in a number of 
investigations of cognitive processing, strategy development and teaching applications (Cummins and 
Das, 1978; Das, Cummins, Kirby and Jarman, 1979; Das, Naglieri & Kirby, 1994; Elliott, 1990; 
Molloy & Das, 1979; Kirby & Robinson, 1987). Classroom investigations have shown children as 
young as four have simultaneous and successive processing skills (Angus, 1985; Elliott, 1990). The 
impact of simultaneous and successive processing on aspects of language development, especially 
reading, has been a common area for research (Kirby, 1992; Leong & Sheh, 1982), Other studies 
have shown the model to have relevance in the teaching of school-level literacy and mathematics 
across grade and age (Hunt & Fitzgerald, 1979; Molloy & Das, 1980; Merritt & McCallum, 1984). 
Yet others have given more emphasis to the role of simultaneous and successive processing in 
mathematical learning (Merritt & McCallum, 1984; Molloy & Das, 1980). Das (1988) claims 
successive processing to be essential for reading achievement, but that in order to move to more 
advanced levels of reading, simultaneous processing is required. He reported too, that simultaneous 
processing was a good predictor of mathematics achievement and that successive processing was 
unrelated to mathematical achievement. In particular. Das et al. (1979), and Kirby and Das (1977) 
argue that neither simultaneous nor successive processing by itself is sufficient for high achievement 
in school. 

The present work seeks to study the relationship between elementary students' cognitive 
processing styles, the way they solve subtraction algorithms, both in written form and through the 
use of multibased arithmetic blocks (MABs), and the way they talk about, and the meanings they 
appear to give to, these written and physical actions. 

Method 

The study reported here involved working with four Year 4 classes as they were taught 
subtraction algorithms through the use of MABs, written algorithms and word problems. A series of 
six tests 1 were administered to the students in class groups. A principal components analysis was 
conducted on these scores, and using a two factor analysis, the scores on the number, word and letter 
tests were added to give a score for successive processing, with the sum of the scores on the shapes, 
paper folding and Matrix tests giving a score for simultaneous processing. The median of these 
scoifcs was used to categorise all students as high or low, so four groups were formed: students who 
were high simultaneous and high successive processors, students who were high simultaneous and 
low successive processors, students who were low simultaneous and high successive processors, 
and students who were low simultaneous and low successive processors. At the completion of the 
period of instruction, students were interviewed as they attempted to answer subtraction questions 
using written algorithms and MABs. These interviews were videotaped and later transcribed. 



1 The number, word and letter span tests, and the shapes, paper folding and Matrix A tests described earlier. 
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Results and discussion 

High simultaneous and high successive processors 

The text below shows Kae, a high simultaneous and a high successive cognitive processor, 
completing the written algorithm 653-472 to obtain the correct answer, 181. 

R : What about that one? 

S : Three take away two is one. Five take away seven you can’t do so you trade, five, Fifteen. Fifteen take 

away seven is eight and five take away four is one. 

R: Good Why did you have to trade? 

S : Because five is less than seven. 

R : Now when you traded you crossed that out. So why did you cross that out? 

S: Sol could put the five at the top and put the ten from there and make fifteen. 

R: So why is that five and not four or three or two or something different? 

S : Because the next number down from six is five. 

The transcript indicates Kae has high procedural knowledge. She described the process of 
completing the algorithm briefly and accurately, including the need to trade and decompose. 1 take this 
to be a reflection of her high successive processing ability. She also gives reasons for these steps, and 
explains why she does a particular thing and not anything else. In particular, not only does she 
identify mathematical properties (five take away seven you cant do so you trade), but she recognises 
relationships ( because five is less than seven), and establishes a logical explanation through the use of 
because and so in various combinations. That is, she recognises mathematical relationships, and in 
her interview provides extended explanations on various components of the algorithm, without 
requiring continual prompting, I take all this to mean she has a good understanding, a relational 
understanding, of the algorithm sequence, and the interrelatedness of all its components, and that 
these qualities are possible because of her high simultaneous processing capability. 

When asked to complete 547-169 with MABs, she did this quickly and correctly, her 
procedures appear to have been automatised, which I interpret as another instance of high successive 
processing, Kae appeared very able to describe her working processes, and provided extended 
explanations. For example, she first described what to do Take one of these away, then gave it its 
technical term trade, then unasked provided a reason for this there’s only forty there. This high 
language proficiency, and the giving of explanations beyond the immediate answer to the question 
asked, seems a feature of high simultaneous processors. Kae easily identified each step in the MAB 
process, she recognised the need to trade, and described the process. She identified facts or skills, 
she recognised relationships, and she elaborated on these: all signs of high level simultaneous and 
successive processing. When she repeated this second question using pen and paper only, she had no 
hesitation in predicting that her answer was the same as when she used MAB materials. 

Of course not all high simultaneous and high successive processors showed these capabilities. 
For example, Lin is able to give only procedural reasons in explanations. She does not give reasons 
involving mathematical relationships. In explaining her method for 547-169 Lin claimed that you 
could not do 7-9, Because if you try and take nine from seven you can't do it. And she continued in 
this vein of calling up rules But if you do it then you come up with the wrong answer, rather than 
providing a mathematically based explanation. At the same time Lin described the correct procedure, 
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and apart from a simple number bond error would have obtained the correct answer to 547- 1 69. 
Even though there were exceptions of this kind, in general, students who are both high simultaneous 
and high successive processors appeared to have highly automatised procedures, to be able to explain 
their actions by referring to mathematical relationships, able to explain why as well as how, and to be 
able to link the use of MAB materials to written algorithms. 



Hi gh simultaneous and low successive processors 

Eve is a high simultaneous and low successive processors, here she is using MABs to calculate 
746-382 (answer 364). Eve appears able to use the materials reasonably well, in particular, after 
completing the calculation for the units place value, she has no hesitation in exchanging 1 hundred for 
10 tens. But she does appear to have some procedural difficulties. For example, she completes the 
subtraction with the MABs, but does not recognise she has the answer and has to be coaxed by the 
interviewer. 



R: Can you tell me what you have got in front of you there now? 

S : Seven hundred and forty-six. 

R : Good, what do you have to do now? 

S : Take away three of these and eight of them and two of these. 

R : Off you go and do that. 

R: Hold on, just before you do that, what have you got there now? 

S : I’ve got fourteen there. 

R: You’ve got fourteen. How did you get fourteen there? 

S: Well, I took away one of these flats and I got ten longs and now I’m 
taking away eight of them. 

R: So you go ahead and do that, all right. 

R: You read out your answer for me. 

S: Three hundred 

R : Which is your answer? 

S : I haven’t done it yet. 

R: No, you are right, it’s just that that is your answer. 

R: How many units have you got there? 

S: No units. 

R: Are you sure? 

S: Four units. 



746-382 

746 in MAB 

Identification 

Identifies the subtraction 

correctly 

Using MABs 

14 tens 

Identification and explanation 
Writes 360 



Uncertainty 

Not identifying step she is up to, 
or all MABs she has 

Not identifying 

Identification 
Writes 364 



These procedural difficulties continue when Eve is asked to repeat the calculation using a 
written algorithm. She immediately takes the smaller digit from the larger, suggesting that she has not 
automatised the correct procedure. A plausible interpretation of this and of the above text suggests 
that Eve's low level successive processing capacity has an impact on her ability to remember and 
reproduce the procedures necessary to solve algorithms, and has hindered her in automatising such 
procedures. Yet her ability to use the MABs relatively well, and to provide elaborate descriptions of 
what her actions on the materials, suggest that her high simultaneous processing capabilities assist her 
here. 



From this and other interviews it appears that high simultaneous processors who are also low 
successive processors will generally be quite able when using materials, and will often give elaborate 
and correct descriptions and explanations as to what they are doing. But their low successive 
processing may lead to mistakes in the procedural aspect of what they do. For example, even though 
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they give the correct description for using MAB materials, they may not actually put that description 
into practice, and without materials they may perform written procedures incorrectly. 



Low simultaneous and high successi ve processors 

Here is the case of Anna, a low simultaneous and high successive processor, who is attempting 
the written algorithm 547-169, and obtains the incorrect answer 398. She begins well by taking one 
of the four tens to the units column, making the 4 into 3, and the 7 units into 17. Or as she says You 
go over to the four and you take a ten off there and put it with the seven and call it seventeen. She 
mentions the terms regrouping and renaming , but does not identify trading. When asked for a reason 
for this action she was silent. 



S : Because seven is a smaller number than nine. 

R: So you can't take nine from seven so what do you do then? 

S: You go over to the four and you take a ten off there and put it with the seven and call it seventeen. 
R: Now what is that called when you do that? 

S: Regrouping, renaming. 

R: There is another word too. Can you think of another name? You said regrouping didn’t you? 

S: Yes. 



R: And you said renaming as well. That’s good. So now why did you (pause) You had five here (5 
hundreds) and you wrote four (above the 5), so why did you write the four there? 

S: Because (pause). 

R: You are right Now I’m just asking you the reason. There was five there and you write a four here and 
why did you do that? 

S: Because the four you can’t take away from six. 

R: So you had a six here and a four here. What about this three? 

S: That’s for the seven. 

R: So what subtraction are you doing in this column here? Are you doing four subtract six or three 
subtract six? 

S: None. Tm doing fourteen. 



The researcher reassures her, you are right , she says the four you cant take away from six , 
which has the digits reversed but identified the correct place value column. She knows that in 
someway the 3, renamed from 4 tens, is connected to the seven units, and says that’s for the seven. 
The next question gives her a hint. Are you doing four subtract six or three subtract six? She then 
says I'm doing fourteen, and reasserts this in the next question. She then subtracts 6 from 14 and 
writes 9 as her answer. Here the student has the procedure generally correct, she has traded and 
decomposed correctly, and has the correct digits in the appropriate positions. She is able to explain 
the steps in the procedure Because / had to take a ten off the five and put it with the four to make it 
fourteen, but it is a procedural explanation not one calling on mathematical relationships. Her first 
error is subtracting from 14 instead of 13, and then she makes a mistake in the subtraction facts. On 
the whole, Anna seems reasonably able in performing the subtraction algorithm, but she seems to 
have little understanding of why her actions are appropriate. In the next section of the interview, she 
repeated 547-169, but using MABs this time. Anna recognised that 7-9 in the units position creates a 
difficulty, she knew the 7 has to become 17, so she goes to the bank for an additional 10 units. But 
she does not trade. This is repeated later when she recognises the difficulty with 4-6, and goes to the 
bank for 1 0 tens. She eventually gives the incorrect answer 488. There are two problems for Anna 
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here. Firstly, she has a procedure but it is incorrect, and secondly she appears to have no 
understanding of either what trading is or of its proceduralisation. 

Anna has considerable ability with written algorithms and frequently completes written 
algorithms correcdy, including three digit subtractions with trading. The 14-6 instead of 13-6 is likely 
to have been a chance error or nervousness at being interviewed, rather than a regular strategy. That 
is, in spite of the algorithm errors in the interview, Anna seems to use her high successive processing 
skills to enable her to correctly answer subtraction algorithms. But Anna appears to have little 
knowledge about the use of MAB materials - she has not automatised the procedure, and is unable to 
use the materials effectively. I take this to be a case of low simultaneous processing being insufficient 
to interpret the use of MAB. That is, I am claiming that low simultaneous processors will have 
difficulty in using MABs effectively, and in establishing links between actions on MAB materials and 
a written algorithm intended to correspond to these materials and actions. Data from other low 
simultaneous and high successive processors appear to support this interpretation. 

Low simultaneous and low successive processors 

Students in this category appear to be the least able school mathematicians. For example, Andy 
frequendy subtracted the smaller digit from the larger, simply disregarding place value. Within 
adjacent algorithms he would answer one using a correct procedure, and in the next revert to his 
smaller digit from the larger strategy. And in the problem solving questions, after he had written the 
algorithm corresponding to the word problem, rather than solve the algorithm, he would literally use 
a tally where one stroke was used to represent each number in the minuend, and the appropriate 
number were then crossed off. For example, in the problem where a milk truck delivers to % houses, 
but has only been to 59, he calculated how many remained by writing ninety six strokes and crossing 
off fifty nine of these. His class workbook showed that his algorithms were correct, and that trading 
has been used, at least according to marks on the page. Here he is completing the written algorithm 
547-169 and obtaining the correct answer (378), during the interview. 

R: Eventually when you crossed out the four (4 tens) you had a three here didn't you? So what was the next 
subtraction you had to do? 

S: Three take away six you can't do so I crossed off the five, put a four and put a one next to it and take 
away six equals seven. 

R: Now when you cross five off why do you put four? Why don't you pul three or two or one or 
something like that? 

(pause) 

S : Because the four goes there and whatever you put a one next to it, whatever you crossed off. 

R: What is that called, sometimes people use a special name for it? You cross the five, you write four and 
then you move one over there. What is that called? 

S: Trading. 

In the above text, it seems that Andy has a good understanding of the procedure. He recognises 
the need to trade, carries out the correct written actions and obtains the correct answer. However, 
when asked to explain why the 5 hundreds became 4 hundreds, and not some other number, there 
was a delay before he responded, and his explanation was (b)ecause the four goes there . This is not 
an explanation, but reference to a rule or statement which is used to support itself, so the argument is 
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circular. It almost certainly indicates that even though Andy was able to recall and identify the correct 
instance of trade , he had little meaning of the concept beyond the written action. Indeed his class 
workbook indicates he is likely to make many procedural errors in subtraction algorithms. When he 
was asked to repeat the question with MABs he used them as counters ignoring place value, so he 
used 5 units to represent 500, 4 to represent 40 and 7 to represent 7. This incident also suggests that 
he had little knowledge of the materials and how they related to algorithms, and that he had little 
conceptualisation of what the materials or his actions on them meant. The MAB and actions on them 
seem to make no sense to him whatever. 

Other low simultaneous and low successive processors also appeared to have declarative 
knowledge, they could say what had to be done but could not apply it In particular, they made 
procedural errors on a regular basis, and their apparent inability to automatise the procedure is 
consistent with low successive processing. And their low simultaneous processing meant they did not 
link the materials to the written algorithm, making it problematic for them to understand why 
algorithms were structured and completed the way they were. Their language was generally narrow 
and unlinked, with few elaborations and with little reference to mathematical relationships. 

Conclusion 

In analysing these and other transcripts, there appears to be a pattern of mathematical skills and 
understandings that reflects the cognitive processing style of learners. In particular, high 
simultaneous and high successive processors appear likely to have automatised procedures, to have 
insights into mathematical relationships, and to understand both how to complete a procedure and 
why this is the case. They also appear likely to link actions on materials with written algorithms, and 
to have a good chance of recognising and correcting errors. High simultaneous and low successive 
processors seem to have insights into mathematical relationships, and can link actions on materials 
with written algorithms, but may have procedural weaknesses. That is, they have a good chance of 
understanding why, but are less effective when it comes to how. Low simultaneous and high 
successive processors are likely to have automatised procedures, but this ability to perform is not 
accompanied by knowledge of why. They appear unable to recognise mathematical relationships, and 
so are unable to link actions on materials to written algorithms. Low simultaneous and low successive 
processors are likely to be inconsistent in their completion of algorithms and are unlikely to 
understand the structure of an algorithm. They have declarative knowledge, but appear unable to 
proceduralise it, and are unlikely to have insights into mathematical relationships. They seem to 
interpret actions with materials and written algorithms as two unrelated sets of activities. 

Research into simultaneous and successive processing in classrooms has largely been confined 
to language and arithmetic activities, so there is little data to indicate if these constructs are consistent 
across all school mathematics, and there is even less one can say about other school curriculum areas. 
From a practical classroom perspective this study suggests that some students will have difficulty 
linking their actions on manipulative materials to a written representation of these materials and 
actions. Teachers will have to be particularly insightful and sensitive in encouraging students to 
explore materials, in establishing procedures with both materials and algorithms, and in discussing 




various representations, the links within procedures, and the relationships between different 
representation systems. From a research perspective there is need for further studies to investigate the 
impact of various levels of simultaneous and successive processing on mathematical learning. 
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LISTENING BETTER AND QUESTIONING BETTER: A CASE STUDY 



Carolyn A. Maher, Amy M. Martino, and Ralph S. Pantozzi 
Rutgers University 
New Brunswick, New Jersey, USA 

This paper describes the changes in the mathematical behavior of a twelve-year old 
student, Jeff, who has been observed as part of a longitudinal study of how children 
build mathematical ideas. Specifically, we examine his listening to and questioning of 
other students in small groups and the evolution of his mathematical behavior during 
his exposure to constructivist classroom settings where teacher/researcher questions 
are guided by student thinking. Over a span of seven years, changes in Jeffs manner 
of working with other students have been traced showing movement from focusing 
on reaching a correct answer to becoming more attentive to the mathematical ideas of 
others. Certain conditions contributing to the movement towards student led 
mathematical discourse in the classroom will be discussed. 

They never told us the answer! Yeah, you never tell us the answer. 

No, like, I remember, in third grade, the thing with the box, with the 
comer cut out, and I always wanted to find out how many black 
marbles were in there and how many yellow marbles were in there, but 
you never opened the box! 

- Jeff, grade 7, March 18, 1994 



Certain features are typically associated with the teacher centered classroom. Vinner (1994) 
describes student behavior and how it can focus on pleasing the teacher. Once students find the 
answer that elicits a positive response from the teacher, they will try to repeat that answer in 
situations that appear mathematically similar. What appears to be meaningful mathematical dialogue 
may only be what Vinner calls “pseudo-conceptual” behavior. The teacher, motivated by pressures 
other than mathematical understanding, may accept the students’ answers as evidence of 
comprehension, and move on with the lesson. The direction of mathematical activity in such 
situations lies mainly in the hands of the instructor. The class “moves along” as students respond, 
but this motion does not necessarily indicate mathematical growth on the part of the students. The 
students may simply be responding to cues instead of building mathematical ideas which they can use 
when the teacher cues are not present 

In the teacher-centered classroom, the instructor serves as the social and mathematical 
authority of the classroom group. Jaworski (1994) describes situations where teachers are conscious 
of this position of power and use their awareness to create a different kind of classroom -- one where 
'shared meanings are created. The teacher overtly attempts to avoid imposing her meaning upon the 
students, opening the way for students to construct their representations of mathematical knowledge. 
This complex process involves constant decisions upon the part of the teacher as she interacts with 
students. In many situations, any statement on the part of the teacher may interfere with the student’s 
mathematical development In any case, the “culture” created in the classroom determines the nature 
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of the interactions. Students will invent shared meanings if they believe that their meanings have 
value. 

This “culture” has been described by many, including Davis (1989). Gooya (1994) describes 
the difficulties inherent in forming this culture. The teacher must play a “special role” in creating the 
environment - long hours of reflection and lessons where only a few problems are covered may be 
necessary to change the nature of mathematical “authority.” Elements of this change have been 
detailed (e.g., Pantozzi, 1994; Jaworski, 1994), where the teachers alter the nature of their questions 
with the aim of creating a problem-solving culture centered upon student thinking. 

During a longitudinal study of children’s thinking, we have observed changes in students’ 
questions of each other when a group of students grows accustomed to the lack of specific teacher 
prompts. The teacher/researcher instead models open-ended questions that are based upon the 
students thinking, forming a distinct classroom culture. Over time, students begin to question each 
other in the same manner, probing each other’s thinking with questions instead of requesting 
information or specific answers. The teacher/researcher’s role recedes as the students drive the focus 
of inquiry and use their work as the starting point for additional exploration. (See Martino & Maher, 
1994.) Student-to-student questioning moves the activity forward; the students move into a position 
of mathematical authority since they do not look for the researchers to hand down knowledge. This 
case study focuses upon one student, Jeff, and the changes he makes in his listening to and 
questioning of other students. Examples of Jeffs interaction with other children in group problem- 
solving situations illustrate the transitions that accompany exposure to a constructivist classroom 
setting. 



Background 

This case study of one student arises from a longitudinal study investigating how children 
build up mathematical ideas as they are engaged in problem tasks with other students. The study 
takes place in a working class school district in the United States that has been the site of a teacher 
development project in mathematics over the last 10 years. Outside of their daily classroom schedule, 
students in this district participate in problem-solving sessions where they are given opportunities to 
do mathematics in an open environment, working in groups for extended periods of time. 
Researchers develop problem situations for the students, but the direction of the activity is heavily 
influenced by the students’ questions and interest. The classroom situation is designed so that 
children are free to build solutions, discuss their ideas, and negotiate their conflicts. No “lesson” as 
such is taught by the researchers. One set of students has been studied continuously, as a group, for 
the past 7 years. This group has remained largely intact over this time, allowing the students to grow 
in familiarity with their classmates. Their development as a group and as individuals has been traced 
by researchers. Data on each student has been continuously collected over this time; one student was 
selected for this paper. 
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Methods and Procedures 

In studying how children develop mathematical ideas, problem situations are developed by 
the teacher/researchers. The problem is presented to a class of students and they are videotaped as 
they discuss the problem in groups. Teacher/researchers observe the students as they interact, 
question the students after they have begun working towards a solution, and facilitate discussion. 
Their questions are based upon the students thinking, not upon a predetermined course of action. 
Thus a session may extend to several hours or extend to a number of days or months. As each 
session is videotaped by two or more cameras, researchers follow the students' discussions and note 
elements of the students’ mathematical activity. After the videotapes are transcribed, they are 
examined for students’ growth in mathematical thinking, and are used to develop future classroom 
sessions. Student work, the field notes, the transcript, and analysis by researchers and graduate 
students comprise a video portfolio of the development of the group and of each student 

Data Source 

This research was motivated by data collected over the course of a longitudinal study that is 
now in its seventh yeaA 1 Classroom sessions and interviews with students over these 7 years were 
videotaped, transcribed, and analyzed by researchers and graduate students. The classroom sessions 
consist of the team’s analysis of student discussions; of students working in groups on a problem 
task and recording their findings; of students sharing solutions and/or questions with the class; and of 
researchers interacting with the groups of students. Five vignettes focus specifically on Jeff in the 
second, third, fourth, fifth and seventh grades, respectively, and of his interactions with group 
members and researchers. These represent samples of data focusing on Jeff doing mathematics over 
the course of the entire longitudinal study. 2 

Theoretical Orientation 

We have found that under these conditions described above, profound changes can occur in 
the location of mathematical authority in the classroom. For example, interactions and questions 
between students are altered and classroom settings where students guide mathematical discourse 
without direct teacher instruction are evident 

The shift from teacher authority to student authority over mathematical discourse transpires 
over an extended period. For the shift to occur, certain elements must be present on a consistent 
basis. Teacher/researchers model the kind of questioning that is based upon students constructions. 
Over time, students begin to develop similar requests for justifications of solutions by asking: “Can 



1 This research is supported in part by a grant from the National Science Fou n dati o n #MDR-9053597 to Rutgers, the 
State University of New Jersey. Any opinions, findings, and conclusions or recommendations expressed in this 
publication are those of the authors and do not necessarily reflect the views of the National Science Foundation. 

2 Videotapes are available by writing to Carolyn A. Maher, Rutgers University, Graduate School of Education, New 
Brunswick, NJ 08903, USA. 
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you convince me?” or, ‘Tell me how you got that answer.” At first, questions such as these are role 
imitations; gradually, however, they evolve as a real expectation of the culture that is being created. 

Initially, students may develop the mathematical ability to explain their reasoning to each 
other, but may lack the “social graces” necessary to lead the mathematical discourse. (See Wilkinson 
& Martino, 1993.) Students also seem to pass through stages (see table 1, below) where they are not 
able to listen to another student’s explanation while they are constructing one themselves. As a 
result, group disagreements, which can lead to productive problem-solving activity, can also result in 
a particular student dominating discussion and silencing opposition on the way to arriving at the 
correct answer. Constructive group discussion and shared leadership typically predict problem- 
solving success, but the absence of such elements does not constitute a “dead end” for problem 
solving. We conjecture that some students may first revert to modeling the central authority of the 
teacher-centered classroom . before they embrace the culture of shared responsibility that the 
researchers have modeled over time. In addition, constructing mathematics and developing social 
graces simultaneously may be difficult for children. 

The changes manifest themselves most clearly in the kind of questions students ask each 
other, the nature of the responses they receive, and the type of interaction between students in 
groups. 

Table 1 summarizes the behaviors we have observed in these three areas. 



One-way dialogue - Students answer teacher/researchers' questions, make reports of 
findings, request and receive information from each othQr,..New ideas depend largely on 

teacher/researcher questions. 

Exchange of Information - Students ask each other to perform tasks, ask questions 
of teacher/researchers. Input from other students is considered as students construct 

ideas. 

One-way explanations - Students explain reasoning to each other and to - 
researchers, but may not attend to cognitive needs of listener. Students reorganize ideas 

based on teacher/researcher questions. 

Collaboration - Students attempt to convince others of their reasoning, and may use 
each other's comments to evaluate their explanations. Students begin to construct ideas 

without teacher/researcher questions. 

Mutual awareness - Students make arguments and counter arguments, and ask 
questions of each other that take into account each other's previous statements - 
dialogue is interactive. Teacher/researcher questions often unnecessary. 



Each questioning behavior listed builds upon the previous behavior, but the appearance of 
each is not necessarily sequential. Some or even all the behaviors may occur during one classroom 
session. 

When students develop mutual awareness of each other’s arguments, much of the teacher 
questions that cause students to reorganize their thoughts are asked collectively by the students 
themselves. Cobb (1994) suggests that shared authority is critical to mathematical learning; we have 
found that while students may not ask questions of each other “politely” at first, they can develop the 
skill over time. Part of these changes may be developmental; the children may grow more mature. 
However, maturity alone may not create the ability to lead the mathematical discussion; exposure to 
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the culture of questioning and listening must also occur. At that point, student questions can drive the 
mathematical activity in the classroom. 



Results 

Limitations in space prevent a full description of the events. However, representative 
episodes are reported that characterize Jeffs behavior over the interval under study. These are 
presented as vignettes and are selected from classroom problem-solving activities during grades two, 
three, four, five, and seven. 



Vignette 1. Grade 2. October 23. 1989 : Jeff directs other students. 

Jeff is observed working in a small group on a story problem and directing another student 
how to solve it. 



Mike: 1 ,2,3,4, 5, 6, 7. 

Jeff: Now add 5 [He moves 5 stones toward Mike.] 

Mike: [counting the 5 stones] 1,2, 3, 4, 5. 

Jeff: Now count ’em. 

Mike: 1,2,3,4,5,6,7,8,9,10,11,12. 

Jeff then directed the other group members to record the same solution. 

Jeff: Whatcha get for the number of pencils? [points to Mike] 

Mike: Seven 

Jeff: Whatcha get for the number of pencils? [points to Aaron] 

Aaron: Seven 

Jeff: What did you get? [points to Michelle] 

Michelle: Seven 

V ignette 2. Grade 3. December 6 » 1990: Jeff gives a give one-way explanation. 

The students have been given a “mystery box” containing ten marbles, some of which are 
yellow, some of which are black. The students are unable to open the box, but can sample the 
contents by shaking the box and looking at small hole in the comer of the box 20 times. Jeffs 
solution differs from that of his partner’s: 



Jeff: 

Jamie: 

Jeff: 

Jamie: 

Jeff: 

Jamie: 

Jeff: 

Jamie: 

Jeff: 



Jamie: 

Jeff: 



13 [yellow] and 7. [black] [The result of their sample. ]That means we have 7 yellow 
and 3 black. 

We don’t have 3. ...7... 

That would be the answer though. Believe me. That would be right, though. We 
think it’s seven yellow... 

Yellow... (grabs pen) Tm putting it in! 

Seven yellow and .. what is that? [Jamie tries to write a different answer.] 

Yellow? 

Yeah, seven yellow marbles... and three... 

No, we don 't have seven here! [She points at the 13 yellow marbles they sampled.] 
Jamie, common sense, look, 1 ,2, 3, 4, 5, 6, 7, count that and it’s seven, if there’s 13 
here, see this would be all seven, and this would be a three. That would be seven and 
three. 

OK OK. 1 think there’s... 

That’s what we found. 
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A few minutes later, Jamie proceeded to erase Jeffs answer and change it to her own. She 
explained her solution to a researcher while Jeff turned his head away. 



Vignette 3. Grade 4, February 6. 1992: Jeff chooses the creative role for himself. 

As Jeff and his partner, Michelle, build all possible towers five cubes tall when they have 
available cubes of two different colors, Jeff assigns himself as the role of creating new towers and 
his partner the role of making an "opposite" [colors reversed for the same position] for each of his 
designs. 

Jeff: / 7/ make them and you make the opposite. This is easy... make the opposite. 
Michelle: Why do I have to do it? 

Jeff: Because I’m making the new ones . I can't do both. 

Vignette 4. Grade 5. April 2. 1993: Jeff collaborates with other students. 

In Grade 5, we see Jeff ask questions that focus on the solutions of other students. 

A group of students is trying to determine how many different combinations of 4 toppings 
could be placed on a pizza. The researcher asks a question about their method. Jeff elaborates the 
researcher’s question. 

Researcher I don't see... how you are going to consider all the possibilities? 

Stephanie: Yeah, well no, because in this one nothing's going to be mixed, but in this one, 
something is mixed. [Two toppings mixed together on a pizza.] 

Jeff: How come in this one, nothing can't be mixed? 

Stephanie: Nothing is mixed because this is half a pizza. 

Ankur Yeah. Half. 

Jeff: So why can't you just make this like, urn, [topping 1], 1 topping 2] say... 

Researcher That's my question. 

Vignette 5. Grade 7. March 18-21.1994: Jeff listens to and questions other students. 

Over time, we have observed Jeff modify his interactions with other students, his questioning 
of other students, and his interaction with the researchers. His experience deserves attention since he 
has focused on his personal search for mathematical meaning, frequently disregarding the ideas of 
others. Observed changes in his questioning that reveal greater interest in the ideas of other students 
are indicated in the March 1994 episode. 

Students were given two 6 sided dice and were asked to invent a "fair game" based on the 
rolling of the dice. This required that they determine (a) which sums could be rolled, and (b) the 
number of ways each of the sums could occur. 

On March 21 , Jeff expressed belief that he had solved the problem. In his interaction with the 
other members of his group, he refers to their work from March 18. Jeff reaffirms his desire to find 
the correct answer over others’ objections. 
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Student 1: 
Jeff: 
Student 2: 
Jeff: 
Student 1: 
Jeff: 
Student 1: 
Jeff: 



Should we explain this to somebody? 

We’ll explain it when it goes up. 

Yeah. 

What’s two ? [Which rolls result in a sum of 2?] 

Oh, let me guess who’s going to explain it, hmmmm? 

All of us. 

Hmmmm. He [Jeff] doesn ’t let anybody explain. 

You were just standing there, you weren’t doing anything, what do you want me to 
do, just sit there and not do anything ? 



As the session continues, Jeff realizes that his group has not considered all possible 
combinations of dice that result in the sums from 2 through 12. His group has not included (1,2) and 
(2,1) as distinct rolls of the dice. Jeff, listening to another student, realizes the omission. 



Jeff: 

Student 2: 
Jeff: 

Student 3: 
Jeff: 

Student 3: 

Jeff: 
Student 3: 
Jeff: 



Unfortunately, he [referring to Student 4, below] makes somewhat sense because 
actually you do have two chances of hitting it. [Rolling a sum of 3.] 

What? 

See look, because if you roll, if this die might show a one, and this die might show a 
two, but next time you roll, it might be the other way around 
Look Jeff. 

And that makes it two chances to hit that, even though it the same number, it’s two 
separate things on two different die. [1 on one die, 2 on the other and vice versa] 
Therefore there’s more of a chance. Therefore there’s two different ways, therefore 
there are... 

And that that likes blows up our plan.. 

Therefore there are two ways to get three. 

And that just screws up everything we just did, worked on for about the last hour. 
[He smiles, perhaps recognizing why the earlier group solution was faulty] 



Jeff reconciled his misconception by paying attention to the idea of another student who 
suggested that the outcomes (2,1) and (1,2) were distinct. Jeff then considered whether the 
outcomes ( 1,1) and (1 ,1) were also distinct He turned to a member of his group (Student 2) to share 
with her the other student’s reasoning: 



Jeff: 
Student 4: 
Jeff: 
Student 4: 
Jeff: 

Student 2: 
Jeff: 



Student 2: 
Jeff: 



Well, then if, couldn't two come up twice then? [That would be (1,1) and (1,1) ] 

No because Jeff, one on one die and one on the other die is still the same thing. 

Yeah, even if you just... OK... 

Yeah, there’s still one in one and ... 

Yeah, if you do switch, yeah, because it seems like even if you do switch, it will still 
be like the same thing. [The roll (1,1) will be unique.] 

Yeah, but that’s the same thing as that.. [Why are there not two distinct (1,1) rolls?] 
No but this, look, on this one you have two and one, but you actually have to move 
the die to hit one and two, but on this is doesn’t matter, you can just, do you know 
what I'm trying to say here? 

Sort of. 

That’s good 



BEST COPY AVAILABLE 

o 

ERiC 



96 



3 — 88 



Conclusions and Implications 

The story of Jeff and his growing independence in mathematical thinking suggests that 
students can and do indeed listen to the thinking of other students, reflect on their own and on other 
student ideas, and share them with others. Instruction, guided by close attention to student thinking, 
can make possible the creation of a “culture” where students play a large role in determining the 
course of mathematical investigation. The development of this culture may require considerable time, 
effort, and patience as teachers and their students work to redefine earlier traditional roles. The study 
of Jeff suggests that the effort may well be justified. It is interesting that Jeff recalls the marble 
problem after four years! What might have contributed to Jeffs changes was the creation of a 
classroom culture that left open to students discussion of ideas. Reliance upon reaching a "correct 
answer" made possible by teacher directed questioning may appear beneficial when students produce 
correct responses. However, declines in students’ ability to think and reason critically belies this 
notion. Students who answer teacher questions correctly may either be responding to cues, or may 
already have developed the idea independent of teacher intervention. They may not be able to think 
and question based upon their own ideas. Students can learn to listen and question better, and lead 
mathematical discussion rather than follow it, through their exposure to a classroom culture that 
values student questions. 
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